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Homogeneous
Coordinates

¥ No Cartesian matrix for translation

¥We want to use matrix multiplication

¥ Why?

¥ So that all operations multiply

¥That way we can combine them

2D Homog. Coords

¥Homogeneous coords exist in all dims.
¥1n 2D, (x, y) becomes (x, y 1)
¥w is a scalefactor: usually 1
L lX y$
¥(x, y, w) refers to the point o
¥(1, 2, 1) is the same as (3, 6, 3)

Meaning of H.C.

¥ Each point becomes a line in space

¥h.c. can epresent projection as well
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3D Homog. Coords.

¥In 3D, homog. coordinates are (X, y, z, w)

¥Xx, y, z are the same as usual (almost)

¥w is the same as in 2D

¥(x Yy, Z, w) refers to the point #—

r»z$
W

¥(1, 2, 3, 1) is the same as (3, 6, 9,3)

Homog. Vectors

¥Vectors are written as: (x, Y, z, 0)

¥ Why?

¥ Consider hrp[* Z ;]

¥Asw! 0

www

, the point travels outwards

¥ So the vector (x, y z) is (X, ¥, z, 0)

¥Alternately, (X, ¥, z, 0) is inknitely far out

Rotations

¥ Transformation matrices add 1 row/col

¥ Result of the multiplication is the same

Scaling

¥ Again, pretty much the same
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Translation

¥ To translate (x, y, z, w) by (a, b, ¢, 1):
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Advantages

H.C. represent all afbne transformations
- Rotation

- Scaling

- Shearing

- Translation

Vectors have different rep. than points
H.C. also represent projective transforms
We can compose transformations

Multiple
Transformations

¥ What if we want to do several things?
¥e.g. rotate (R), scale (S), then shear (H
¥ We just multiply by each matrix
¥v0 = H(S(Rv)))
¥but this is slow

Transform Cost

¥ Each vertex has 4 coods

¥Matrix multiply takes 16 mult, 12 add

¥ For 10,000 vertices, it adds up

¥ if we apply 3 matrices (HSR), it costs:
¥16 * 10,000 * 3 = 480,000 operations

Optimizing
¥ We can compose the matrices instead:
¥vO = (HSR)v
¥ Matrix mult. is associative
¥Now cost is: 128 mult (for the matrix)

¥ 160,000 ops (apply to all the vertices)

¥ ThatOs why we wanted matrices!

Arbitrary Rotation

¥ Translate by (O - 00) Masic B

z

¥ Rotate at O
¥ Translate by (00 - O)

¥ Compose the matrices:

M=TRT*

Composition
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¥ Ugly, but itOs a single matrix!




Origin of Perspective

¥ Renaissance artists wanted to draw
¥buildings
¥streets

¥ These tend to have parallel lines

¥ But they donOtiookparallel

Receding Parallels

¥ Orange lines are:
¥paral|e| to view dir .
¥but not visually

¥ Other parallel lines
¥perp. to view dir .

¥remain parallel

1-Point Perspective

¥ Orange parallel lines:

¥converge visually

¥to a vanishing point
¥ Artists exploit this

¥ place vanishing point

¥ sketch parallel lines

¥build r est of image

1-point Perspective

¥ These images look down a steet
¥the view dir ection is straight down it
¥other surfaces ate perpendicular

¥ This isnOt always tue

¥ so we can get moke vanishing points

Result: Canaletto
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2-point Perspective

¥ Parallel sets of linesalwaysvanish

¥unless perpendicular to view dir ection




3-point Perspective

¥We can even get 3 vanishing points:

Can we get more?

¥ Yes, if objects ap misaligned:

Mathematical
Perspective

¥Use similar triangles to compute Q
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Lines are Lines

¥ A projected line is still a line

¥ Look at the parametric form:

[ =p+vt
p=(xy2)
v =(a,b,c)

Messy Algebra

¥ We represent the line in homog. coords
¥and apply the pr ojection matrix
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Simple Case (c =0)

¥ l.e. line perpendicular to view dir ection

¥Assumed=1,z! 0
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which istheeguaion ofalinein theplanez=1 (z=d)

Simplify the V ector

¥Now assume that ¢! 0, and simplify
¥Multiply V = (a, b, ¢) by 1/c
¥ We end up with (a/c, b/c, 1)

¥or just be lazy, and use V = (a, b, 1)

Simplify the Point

¥ifc! 0, there will be a point with z = 0
¥Subtract zV =2(a, b, 1) to md it
¥x0, y0,0) = (x-az,y-bz,z-12)

¥l.e. we can assume thatc=1,z2=0

¥Make life simpler withd = 1

And not just any line

¥ The point & vector have swapped
¥p = (x, y, 0) is now the vector
¥v = (a, b, 1) is now the point

¥Two parallel lines have the same v = (a, b, 1)
¥their pr ojections both pass through (a, b, 1)
¥(a, b, 1)IS the vanishing point

Apply Simplip cation
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Setu=%, and we get:
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From a Different Axis

¥ We can do this for any axis:

¥hereOs the version for the y-axis
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Simplibed Version

Assumed =1 b=1y=0. Then:
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which istheequaion ofalinein theplaney =1 (y = d)

Foreshortening

¥Vertica| spacing
reduced further away

¥ Visible in window
pillars on left

¥ One of the cues to
depth of image

Foreshortening

¥We assumedthatz=0,c=1
¥t is perpendicular distance to image plane
¥What happens to evenly spaced points?
¥P+1V,P+2V,P+3V
1 1 1
¥ These map toV +IPIVHOPIV 2P

¥No longer evenly spaced

Why bother?

¥ Four reasons:
¥to convince you that the matrices work
¥to remind you that geometry matters
¥ graphics often involves Oduality®
¥ points, lines or planes swapping roles

¥ Foreshortening matters for textur es

So.

¥ Projection maps lines to lines
¥ Lines perpendicular to view stay parallel
¥Others intersect atvanishing points

¥ And distant objects foreshorten

Field of View

¥ We cannot see everything
¥eyes have limited beld of view
¥think of it as the size of the glass sheet
¥ we ignore very near or far objects

¥this debnes aview volumethat we can see




View Frustum

¥ For perspective, view volume is
¥a view frustum (a truncated pyramid)

¥ a box in clipping coor dinates (CCY

Parallel Projection

¥ We donOt always want perspective
¥Especially for engineering

¥ We want parallel lines to stay parallel

¥And we want to measur e distances

¥ So we useparallelprojection

Distant Objects

d  dY%
Ii — 1—,
¥Recall that: (¢,.9,-9.)= yu pbpd

¥ What happens as d approachespz :
¥so,ifd! p, then (q,.9,.9,)! (p..p,.P.)
¥As objects recede fom the eye, d ! p,
¥So we can ignore perspective

¥ Parallel projections assume this

Tomorrow

¥ Types of Rendering
¥ The OpenGL Pipeline



