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Abstract

A timing error detector (TED) forms an integral part of feadk symbol timing recovery systems
in digital communications. We present here a two-dimeraid@-D) extension of a TED originally
developed by Mueller and Miller for multi-level pulse aitydle modulation (PAM) over one-dimensional
(1-D) channels. Our detector extracts bidimensional timimformation (i.e., bidimensional sampling
information) from the output of a noisy channel with bidinsemal transfer function and subject to
sampling errors. Applications for such a scenario inclugechronization in multi-level 2-D bar code
systems and synchronization in spatial domain image ddiagh To our knowledge, our proposal is
the first one of its kind for this type of scenario. We provid=w@rate theoretical expressions of the
performance of the proposed scheme, and we verify its adplity by studying a particular case with
a minimal set of parameters. The 2-D TED thus obtained is asethe engine of a 2-D phase locked
loop (PLL) for timing recovery in that scenario, in which wis@ show the performance gain obtained

by the bidimensional approach with respect to the appticatf standard 1-D TED.
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A Two-Dimensional Extension of the Mueller

& M uller Timing Error Detector

. INTRODUCTION

A common approach to timing recovery in a digital commuriareg system is to estimate the timing
parameters from the received signal using a digital PLL. fifzen building block of a PLL is a TED,
which computes the timing error signal required by the syoiclzation device. A number of TEDs have
been developed for timing recovery on temporal channell wite-dimensional impulse response, in
which the transfer function depends on a scalar variabieefti Nevertheless, in some relatively recent
applications the channel intrinsically exhibits a two-dimsional impulse response, usually as a result of
the spatial configuration of the communications problenklegt Sampling errors (i.e., synchronization
errors) in these channels are spatial rather than tempbnai, we may talk in these cases of spatial
sampling grid recovery instead of timing recovery, althouig this work we will use the latter term in
keeping with the usual synchronization terminology. Inesrtb perform PLL-based timing recovery on
two-dimensional settings a 2-D PLL —and then a 2-D TED— isuiexyl. To our knowledge, there are no
previous works that address the problem of synchronizatidsidimensional communication channels,
which prompts us to propose one such scheme in this letterp@posal departs from the well-known
TED developed by Mueller and Miller for timing recovery irultirlevel PAM systems [1], which we
denote by M&M TED. Although in part superseded by later, madvanced designs, this TED has
recently received renewed interest through its appliggbéls a key building block in state-of-the-art
iterative synchronization schemes [2]. Here we extend tbeM&M TED to work over a 2-D channel
impulse response. The applications for a 2-D M&M TED incluglgchronization in multi-level 2-D
bar code systems [3], [4], and also synchronization of apdttmain image data-hiding along the same
guidelines described in [5] for a 1-D setting.

In this letter, we present initially an extension of the mdares outlined in [1] to an equivalent
bidimensional setting. The results of this extension aenthpplied to a specific scenario, in order to
develop a concrete realization of the 2-D M&M TED. We finallyosv the performance improvement
offered by this strategy when compared to the separate useDoM&M TEDs in a 2-D scenario.

a) Notation and Setting Assumptions. Upper case bold types denote matrices &g.with elements

denotedz; ;. Lower case bold types denote vectors, exg.which are arranged columnwise. The zero
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vector is denoted by and the all-ones vector by. ||x|| denotes the Euclidean norm &f and t(X)
the trace ofX. For notational simplicity we will make use okctor indices, i.e..i £ (i1,i2)T € Z2,

so that a matrix element;, ;, may equivalently be denoteg;. The context indicates in most cases
if a vector symbol is a vector index, and therefore we willyonmiake this point explicit when there
may exist ambiguity. In the setting considered we wish tofquar PLL-based synchronization on a
two-dimensionalM-ary PAM system in which anV x N matrix A of independent and identically
distributed (i.i.d.) data symbols is transmitted throughidimensional channel with desynchronization.
An individual symbol is for instance; € A C R, with A of cardinality |.A| = M, and thek-th moment

of the symbols is denoted[&]. The channel is modelled by an overall 2-D impulse respdr(s¢,
wheret = (t1,t5)7 € R?, and additive i.i.d. Gaussian noisk(t) accounts for any transmission pulse
shaping and/or channel transfer function. The continuautput of this channel can be described by
z(t) = > ; aih(t —iT — 7) + n(t), wheren(t) is zero-mean white Gaussian noise with variange T

is the spatial sampling period, and= (11, 7)” € R? represents an unknown constant sampling offset
introduced by the channel. The signdt) is sampled by the receiver at pointsl’ + +}, wherej € Z?
andT is an estimate of produced by the synchronization system in the receiver.sEmepled received

signal is then given by th& x N matrix Z with elements
zj = Zai hj—i + nj, (1)

with z; £ 2(jT + €), hj = h(JT + €), € £ # — 7 andn; i.i.d. noise samples witl; ~ N (0,02). The
task of the TED is to produce an estimate of the timing eeree (e1,e2)” from the samples of the
received signal. This error signalis used to adjust the PLL estimates of the correct samplingtfo

The received signal is then resampled using this adjusfedniation.

[I. TWO-DIMENSIONAL TIMING ERRORDETECTOR

In the setting considered, the receiver has to estimate @nactiming error. We present next a two-
dimensional extension of the procedure outlined in [1] fetirrating a scalar timing error. As in that
work, the first step is to build an ideal timing functidi-) : R? — R? using a linear combination of
samples ofi(t) offset by the actual sampling erreri.e., h; = h(iT + €). For this function of the timing
error f(e) = € holds ideally. Following the type A class of functions ddised in [1], and for certain
relevant types oh(t) that will be described next, we can build and approximati¢n to the required
function f(-) with components

1

fi(e) = §(h—1,0 —hio) = e, fa(e) = %(ho,—l —ho1) ~ e 2)
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As an example, Figure 1 showys(e) for the case wherg(-) is a separable 2-D filtg#(t) = h(t1)-h(t2),
and h(t) = sinc(t/T). We can see thaf;(e) approximates reasonably well the ideal function in an
environment ofe = 0 given roughly by|e;|, |e2| < 0.2. Due to the symmetry of thé(t) chosen,fs(€)
exhibits the same behavior. Note that separability of therfis not a requirement oh(-). For instance,
the non-separable version of the above filter, i#t,) = sinc (||t||/T"), yields almost identical behavior
of the timing functions. Different:(t) will obviously change the shape of the functions (2). Howeve
any impulse response approximatisigic(||t||/7") will yield similar timing functions. For example, in
an image data hiding application it is reasonable to asstaie:{t) will be a close approximation to
the ideal interpolation filtesinc(||t||/7") in order to minimize the perceptual degradation of the image
Therefore we can expect similar timing functions to thosé&igure 1.

Following [1], as the actual; in (2) are not known, it is necessary now to estimite) from a group
of past samples of(t). In the one-dimensional temporal case the notion of pasatisral and obvious;

nevertheless, in our spatial context we need to establishdidefinition for what “past” means.

A. Path & Past in Two Dimensions

We define apath scanning all the elements of ai x N matrix Z as an ordered séP, <) of N2
distinct vector indices with spatial continuity consttairDefiningy £ {1,--- , N}, a path is then given
by P £ {p(1),p(2)--- ,p(N?) : p(k) € W? forall k = 1,--- , N?}, such thatJ" p(k) = W? and
Ilp(k)—p(k+1)||> <2forallk =1,--- , N?>—1. We define the order relationship #hasp(n) < p(m)
iff n <m, for any two valid indices:, m. P provides a sequential way to index all the element& pf
which is necessary because of the sequentiality of estimand decoding. This type of path includes
the well-known JPEG compression zig-zag scanning, butueed the typical left-right line scanning.
The latter is also possible if the spatial constraint is rtli@d to elements indexing the boundary of
the matrixZ, which is the criterion we adopt in the following.

In keeping with the notion of past in a one-dimensional sgitive may view the pat® as a “temporal”
sequence. Then, at “time’ the causal part oP, i.e., its past, is defined as the ordered sulpzet {p €
P : p <p(k)}. Notice that some elements &f, may be closer spatially than “temporally”, depending
on the path chosen. Elements which are too far away spatidliyot be useful for estimation purposes,

and then it seems sensible to observe the past only in a Ispaighborhood, for instance:
PV 2 {p e Py |Ipk) —pl* < d}, 3)

with d > 1. The size of this ordered subsetis2 |P(4)|, which we assume independentioheglecting
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border effects. Past spatial vicinities other than (3) dbaiange substantially our exposition next.

B. Estimating the Timing Functions from the Received Sgnal

We follow next the procedure in [1] for estimating a timingn@iion in a one-dimensional setting,
adapting it to our two-dimensional set-up. Choosing firstagh®, we have to build an estimate of
f(e) = (fl(e),fg(e))T at time £ as a linear combination of the past elementsZofAs f(e) ~ € we
denote the estimate d¢fe) at timek asé; = (¢14,é2)7. This estimate should satisfy|&] = f(e) and,

according to the previous exposition, is obtained as
& = Gy 2,
with z;, defined as then x 1 vector formed by the past samples ofZ indexed byP(d), ie.,

Zl, = (Zp(hamt1), " Zp(k))»
and G £ (81,k | g27k)T a2 x m matrix formed by the weighting vectogs, ,, andg, 5, to be obtained

according to the problem constraints. Now,
E[éx] = E[Gy, 2] = E[E[Gy, z|ag]] = E[Gy vy, 4)
with a;, defined asz;, using the pastn symbols, andvy, £ E[z;|a;]. Thel-th element ofvy, is

[Vk]l = E[Zp(k—m+l)‘ak] = Z Qr hp(k—m+l)—r- )

reP,id)

Notice that the computation of each of theelements ofv;, involvesm samples of the impulse response.
The sampléio is common to all elements, resulting in a maximumnot — m samples ofi(+) involved

in computingv,. Depending on hovv?,gd) is defined, certain samples 6f-) may be involved in more
than onglvy];. If we define next & x 1 vectorh, ¢ < m? —m, containing the arbitrarily arrangeshique

samples ofi(-) used to compute, we can write
Vi = A£h7 (6)

with A, a ¢ x m matrix, each column of which contains the elements ofa;, arranged to satisfy (5)
for a givenh and with zeros filled in elsewhere. Using (4) and (6) we mayenEe¢, ] = h E[Axg; x],

for [ = 1,2. Notice that the timing functions (2) may be written as
fl(e):hTulv l:1727 (7)

with u; a ¢ x 1 vector of weights which can be deduced from (2) dndur objective then is to choose

g, such that FA,g; ;] = w, for [ = 1,2. It is easy to verify that all these definitions boil down to
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the known ones in [1] for the one-dimensional case, in whiabe®, becomes the causal past of the
one-dimensional signal.

b) Variance of the Estimators: The procedure outlined in [1] to calculate the variance eirtbne-
dimensional timing function estimator can be also restédedhe two-dimensional case, and then used
to compute the variance @f;, for [ = 1,2. We begin with the evaluation of the second moment of
Elé7 )] = Elg/vzx7; &1.k] = Elg]  Elzsz; |at]gi x]- The elements of the: x m matrix My, = Elz;.z] |ay]

are given by

mg; = E[[Zk Zk ’ak Z Z E arasyak p(k—m+i)—r hp(k m+j)—s (8)

As the data symbols are assumed to be i.i.d. (8) may be rewrfgtee [1]) as

mij = Z Z arashp(k—m-i-i)—r hp(k:—m—i—] s+E Z hp(k m+i)— rh p(k—m+j)—r- 9)
reP,? sep? rgP@

Observing (5), the matridI, may be rewritten ad/l, = v,vl + Q, where the elements & are given

by the second term in (9). The second momeng;@f may now be written as
E[é7 ] = Elgir(vivi + Q)gir] = El(glive)” + gk Qeuil,
and then, using the expectation, the variance is just
Varlé, ] = E[(g/},vi)®] + Elg/, Qgii] — E*[g],vil. (10)

Following [1], as the noise terms; in (1) are zero mean i.i.d., the effect of noise addition anvariance

can be included in the above analysis by repladipgvith Q + 021, with I the m x m identity matrix.

I1l. DERIVATION OF THE WEIGHTS FORSPECIFIC PATH & PAST

The objective now is to choose the weighting vectgrg such that the constraint[K;g; ;] = w
for [ = 1,2 is met. As discussed in [1], the optimug], that minimizes the variance (10) depends on
channel parameters unknown to the receiver, but it is plessibpursue a suboptimal approach solving

the weights as the following channel-independent lineabjgm:
Argrr =w +dyg, forl=1,2, (11)

with d; ;, a zero-mean random vector chosen to meet the problem ciostig is given by (7) and will

determine the selection @, andd, ;. It is important that tﬁ\/ar[dhkdfk]) should be kept small, as

Varle, ] = E[(h"d;)* + g/, Qg i)- (12)
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The component odl; ,, associated witthg must be zero to ensure the variance is independehg @fhen
z(t) is sampled at the correct points.

We discuss next how to solve (11) for a specific path and padting P as the left-to-right scan
and the pasl‘P,iQ) we have thatn = 5. If the current vector indexp(k) is given by (i, )7, then
P = {(i—1,5-1)7T,(i—1,5)7,(i—1,5+1)T,(i,5—1)T,(i,5)T}. In order to facilitate an algebraic
solution we modifyP,gz) by removing(i — 1,5 + 1)7; the effect of this operation will be discussed in
Sect. IV. Thenyn = 4 andz!l = (z;_1,;-1,2i-1, 2 j—1, 7). Now, for this 7?,9) we take the unique

samples ofi(-) involved in computing (5) in the following arbitrary arraggent
h" = (h_1-1, ho1o, ho11, ho—1, hog, ho1, hi—1, k1o, hig). (13)

For thish, the matrixA, in (6) takes the following form

Q5 Qi 5—1 0 Ai—1,5 Gi—1,5—1 0 0 0 0
0 Q; 5 QA5 5—-1 0 A;—1,4 Q;—-145—1 0 0 0
7] Zh] 7 7] 7 7]
AT = . (14)
0 0 0 am' am'_l 0 az’—l,j az’—l,j—l 0
0 0 0 0 Q4,5 Qg 51 0 Gi—15 QAj—1,5—1

Now, using (13) and (14) we solve (11) fay, [ = 1,2 to build an estimator off;(e€).

A. Estimating f1(€) and fs(€)

Using the first function in (2), (7) and (13), we have that tlegteru; has to take the formu! =
(0,3,0,0,0,0,0,—3,0). Then, a solution to (11) ig] , = (a1, aij, —ai—1,j-1, —ai—1,7)/4E[a], with
Qi -1 Qi j
—2E[a?] + aij_l + aij
Qi -1 Qi j

Ai1,j " Qij—1 — @i=1,j—1 " Qi

dig = 1Ea7] 0 ; (15)
—Qj—15 i j—1F Qi—1-1" Q4
TQi—1,j-1 " Qi—1,5
2E[a?] — azz—l,j—l - %2—1,]'
—Qi—1,j—1 " Gi—1,5
yielding the timing error estimate
1 = (= Zij@i—1j — Zij—10i—1j-1 + Zi-1,50j + Zi—1,j—10i ;1) /AE[a”]. (16)
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Notice that, as required,[§ ;] = (h_1,0 — h1,0) /2 (cf. first equation in (2)) and [d; ;] = 0. Using
now the second function in (2), (7) and (13) we have thét= (0,0,0, 5,0,—%,0,0,0). As before,
one solution to (11) igg’k = (@14, —@i—1,j-1,0ij, —;j—1)/4E[a?]. daoy follows similarly to (15)
from (11), and using the vectons, and g ;; we omit the expression here for brevity. The resulting

timing error estimate is given by
~ 2
éok = (= 2ijij-1 + Zij-10ij — Zi-1,j0i-1,-1 T Zi-1,j-10i-1,7)/4E[a”]. 17)

Again, it can be shown that[& ;| = (ho,—1 — ho,1) /2 and Edy ;] = 0.

The timing error estimators (16) and (17) are completehalperto the one obtained by Mueller &
Muller in one dimension, but of course, more cross-proslgtiow up in these estimates due to the two-
dimensional nature of the set-up. The appearance of thesgiatholsa; ; in the estimators leads to two
possible modes of operation. In data-aided (DA) mode, tmebsys are knowra priori to the receiver.
Alternatively in decision-directed (DD) mode, estimatgg are first made on the transmitted symbols
and used in place of their actual values in (16) and (17).

Using (12) it is tedious but straightforward to compute tlagiance of (16) and (17). Fax

R 1 E[a4] hz_l,o + hio 1 O'?L
Varlé, ] = 1 Z hlzo —(2 - [a2]> S + g(h—l,—lh—l,l +hi,—1h11 — 2ho,1ho,—1) + 182
p#0
(18)

A similar expression can be derived for Yar|, but it is omitted here due to space constraints.

IV. EXPERIMENTAL RESULTS AND COMPARISON WITH1-D M&M TED

We examine here the performance of the proposed 2-D TED wperating on the output of a 4-PAM
system over a channel with overall impulse response givethéyseparable filter in Sect. Il. Figure 1
shows E¢; ;] as a function ofe with the TED operating in DA mode and SNRE[a?]/02. If the TED
is operated in DD mode the range ofor which Eé¢, ;] = fi(e) decreases. This is due to the reliability
decrease of the receiver decisions on the transmitted dgmlhen eithei|e|| or SNR increase. Figure 2
shows the accuracy of the theoretical values forj&/as} with respect to the experimental ones.

To demonstrate the use of the proposed 2-D TED in a 2-D PLLuUrEi@ shows the symbol error
probability P, £ % > Prla; # a;] for 4-PAM as a function of SNR with desynchronization offset
For comparison purposes, we also show the cases where thdatatsest = 0 (no synchronization)
and 7 = 7 (ideal synchronization). The 2-D PLL used updates its tgn@stimates according to the

recursiont; ., = 7, — diag(a)é, wherea = (o, a0)’ € R+% is the PLL gain vector, chosen to trade
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off tracking agility against estimate noise attenuatiohe®-D TED is operated in DD mode and the
receiver assumes; = 0. The increasing gap i¥. between the case whete= 0 and the case where
the PLL is used is due to the fact that as the SNR increasesattince of the estimators becomes
more important than the noise distortion.

¢) Comparisonwith 1-D M&M TED: In order to demonstrate the advantages of our two-dimeakion
extension we compare it here to the adaptation of the onestiianal M&M TED proposed in [1] to
a two-dimensional setting. To this end, the timing funcsid®) are estimated from the received signal
using the 1-D M&M TED separately on the horizontal and veitidirections. This requires that the two

estimators are built using different one-dimensional @abhe estimators in this case take the form

1 = (zi—150ij — zijaic1y) [2E[@®] . &% = (zij-10i; — 2ijai 1) /2E[a®], (19)

with €15 built using the past = (21,2 ;) and &y, built using the past] = (z; -1, z), i.e., the
estimators are built using a one-dimensional past alonly éaeension. We compare next the statistics of
the 1-D estimators in (19) to those of the proposed 2-D estiradn (16) and (17). It is straightforward to
show that B, 4] = E[¢?] = fi(e) for I = 1,2. Figure 4 shows the variance difference ¥}, —Var(é, ]
(similar results are obtained fés ;). Notice that the reduction in variance achieved by the 2HDver
the 1-D TED increases as the timing error moves further awamy £ = 0. This owes to the fact that
the 1-D estimator treats contributions from symbols in theeodimension as noise, and the magnitude
of these contributions is greater for larger valuescoBy posing the problem in two dimensions, the
derived 2-D TED does use this information in the estimatind hence the observed variance reduction.

Notice also, that this variance reduction may be furtherel@d by exploiting all elements d?,iz).

V. CONCLUSIONS

We have presented a two-dimensional extension of the MuIMiller TED originally developed for
one-dimensional channels. The advantage of using this ZD @ver two separate 1-D TEDs operating
in each dimension has been demonstrated. We have also Built BLL with this TED and demonstrated
its ability to perform two-dimensional timing recovery. Aforementioned, recent applications such as

multi-level 2-D bar codes and image data-hiding, may beffrgfit this 2-D PLL.
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