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Abstract

We present a novel theoretical analysis of the Philips adidigerprinting method proposed by
Haitsma, Kalker and Oostveen [1]. Although this robust Iaglalgorithm exhibits very good perfor-
mance, the method has only been partially analyzed in teeatitre. Hence, there is a clear need for
a more complete analysis which allows both performanceigtied and systematic optimization. We
examine here the theoretical performance of the method fars@an inputs by means of a statistical
model. Our analysis relies on formulating the unquantizegdiprint as a quadratic form, which affords
a systematic way to compute the model parameters. We proidgded-form analytical upper bounds for

the probability of bit error of the hash for two relevant sagas: noise addition and desynchronization.

We show that these results are useful when applied to reab sighals.
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Performance Analysis of Robust Audio

Hashing

. INTRODUCTION

A multimedia fingerprint is a compact representation of atmmddia signal which is linked to its
perceptual conteht This representation is parallel to a cryptographic hasth&sense that it almost
uniquely represents the signal, but it is different fromrtthe sense that different instances of the
same signal which are perceptually equivalent must apprately lead to the same hash value. Due to
this, fingerprinting is also known a®busthashing, and these two terms will be used interchangeably
throughout this paper. Fingerprinting helps to identify ltinoedia signals in noisy environments. Due
to this property, it finds application in areas of forensitemest such as content tracking in peer-to-peer
networks [2] and multimedia authentication [3]. In the fesenario, fingerprinting allows to pin down the
true identity of files which have been possibly transcodedf@renamed before making them available
on a public network. With respect to the second one, robustihg plays a role in the so-called quantize-
and-embed authentication schemes [4], in which a distoriésistant low-dimensional descriptor of a
signal is embedded within the same signal by means of dataghith order to assess these scenarios,
it is fundamental to investigate the performance of the fipgeting methods they rely on.

There are inevitable trade-offs between the size and thpepties of the fingerprint, or robust hash.
Ideally, it should be as small as possible without loss ofritisinatory power, and robust to imperceptible
distortions of the original signal. In many cases synclration —that is, guaranteeing that different
instances of the same signal at the input of the fingerpgrdilgorithm are properly aligned— becomes
an important concern for fingerprinting. In other cases atedddifficulty is the desire to identify the
hashed signal from small portions of the original. In fadtjsi these particularities that distinguish
fingerprinting from classical rate-distortion problemsieparticular audio fingerprinting scheme which
has proved to be remarkably robust is the so-called Philipthad (also referred to as Streaming Audio
Fingerprinting) proposed by Haitsma et al. [1]. A measuréotuccess is that this algorithm has been
implemented in different commercial products already. iteghod is based on quantizing differences of

energy measures from overlapped short-term power spddtig.staggered and overlapped arrangement

INotice that the term fingerprinting is also used with différeneaning in data hiding applications.
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allows for excellent robustness and synchronization pt@® apart from allowing identification from
subfingerprints computed from short segments of the orligiigmal.

In this paper we examine the theoretical performance of tipB method through a statistical model.
This approach allows in some cases the influence of the syseameters to be studied, and optimization
strategies aimed at minimizing the probability of bit erodthe hash to be tackled. The good performance
of Philips method is achieved at the cost of a rather largesfiprint size; in [1] the method parameters
were chosen heuristically, which leaves open the podsilili tuning them to decrease this hash size
while maintaining performance, or to improve performanoed fixed hash size. To our knowledge, the
only prior work aimed at improving the performance of theliBhimethod is the one by Park et al. [5].
This work however is empirical and not founded on a theoaéti@sis, and it relies on the addition of
an extra filtering stage.

There is nevertheless some previous work oriented to obtatistical models and performance analyses
of the Philips method. A performance analysis for false fpes was already presented by Haitsma et
al. in [6], under the assumption that the hash bits are inugget and identically distributed (i.i.d.) and
compensating for the shortcomings of this hypothesis withraection factor. A more elaborate model of
the algorithm was proposed by Doets and Lagendijk [7]-[id@]the case in which the signal to be hashed
is uncorrelated Gaussian noise. This model hinges on anagnot rearrangement of the Philips algorithm,
and exploits its similarity with the Welch method of poweespum estimation [11] to produce a model
of conditioned probabilities. Of these works, only [10]kbes the issue of evaluating the performance of
the fingerprinting method under distortion, but the restiiexein only apply to i.i.d. sources. Our paper
tackles the case with correlation for stationary signaismfwhich that previous analysis follows as a
particular case. Also, the important issue of performan@ysis under desynchronization, which to our
knowledge has not been previously tackled, constitutether main contribution of this paper.

Our analysis follows the work of Doets and Lagendijk in theiarrangement of the algorithm, and in
their use of periodograms for estimating power spectra. Wga take an approach inspired in the work
of Johnson and Long [12], who model overlapped periodograsnquadratic forms. We show that this
enables the parameters of the model to be obtained straiglatfdly —even for correlated sources and
arbitrary windows— which was one of the problems of the apphoin [8]. Using the model proposed,
we analyze the probability of bit error of the hash for the tweviously mentioned scenarios.

The remainder of this paper is structured as follows. IniSadt we develop the statistical model of
the Philips method. In Section Il we exploit this model todentake the performance analysis of the

fingerprinting method under noise distortion and desynaizadgion. The results are empirically verified
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in Section IV and, finally, Section V draws the conclusionsoaf analysis.

a) Notation: Lower case bold face letters suchasepresent column vectors, while matrices are
represented by upper case Roman letters suck. &he real eigenvalues of a symmetiicx L matrix
are denoted by - - - Ar_1, sorted in an arbitrary ordediag(x) is a matrix with the elements of in the
diagonal and zero elsewhete X denotes the trace df. The2-norm of x is denoted agx|| = vVxTx,
where the superindék denotes transposition, while the same notation for matnieters to the Frobenius
norm, ||X|| = /tr[XZX]. The symbol® denotes the Hadamard (entry-wise) product of two matrices o
vectors of the same size, amddenotes the Kronecker (or direct) product. Null vectors aradrices are

denoted byo and O, respectively, whilel denotes an all-ones vector.

Il. STATISTICAL MODEL OF PHILIPS METHOD

We will first describe the operation of the Philips method afarementioned, we will use the equivalent
rearrangement of the algorithm described in [9] and schiealbt illustrated in Figure 1. Let the input
signal to the hash method, or hashed signal, be denoted etiter of samplex = (z[1],...,z[N])T.
This signal is divided into overlapped frames before precesit. If L is the number of samples in a
single frame and\ the number of nonoverlapping samples between frames, teeh-kength vectorx,,

formed by the elements of used in the computations corresponding to #l{& frame is given by
X, 2 (zn-A+1],-- zln- A+ LD, n=0,1,2,--

If the samples inx have been taken evely f; seconds, the duration of a frame7 = L/ f; seconds.

We will find convenient to define the degree of overlap as
a
L )

wheref € (0,1), and higheid corresponds to greater overlap. We will assume that the suwiiframes

pLq]—

processed isV; £ (N — L+ A)/A = (% —1)135 + 1, which we take to be integer for simplicity. Each
framed signak,, is weighted next by a window of weights £ (w[1],--- ,w[L])” before taking its fast
Fourier transform (FFT), as depicted schematically in FéglL Then, the vector at the input of the FFT
for framex,, is justw © x,, = diag(w) x,,.

The spectrum is then divided intd}, + 1 bands according to a logarithmic law. In the remainder of
this paper we use the frequency band division given in [I]which N}, = 32. Denoting byE,,(m) the
energy of bandn for input framex,,, the variables used to compute the corresponding hash tamet
as

Dyy(m) £ [Bn(m) — En(m + 1)] = [By_1(m) — By_1(m + 1)), (1)
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with m = 0,1,--- ,N, — 1 andn = 0,1,2,---. Notice that these variables completely determine the

system, as the binary hash valtig(m) € {0,1} corresponding to frame and bandn is computed as
Fp(m) £ u(Dn(m)), )

with «(-) the unit step function. In thacquisition stagethat is, the first time a given signal is hashed,
these values are stored for later comparison indeetification stagein which a signal to be recognized
is hashed using the fingerprinting method. We will assumeeatin Il that two scenarios may take
place: a) the signak is distorted by noise addition; and &)is not distorted, but it is desynchronized
at the input of the hash method, i.e. the frame boundariesadamatch exactly those for which the
corresponding stored fingerprints were computed.
b) Model: Our strategy will be based on modeling the continuous randariablesD,,(m). As (1)

involves spectral energy measures, we need an estimatbe gfdwer spectrum for modeling purposes.
As in [7], we use the periodogram estimatsyf(k) of the power spectrum of the windowed signal at the

nt® frame, which is given by

L—1 2

Sy (k) = W ;) wnli + wli + 1] exp ( - j2m’%> : 3)

for k=0,---,L — 1, and wherg|w|? acts as an energy normalization factor. Now, following [13)
can be rewritten in matrix form as

S, (k) = xI M(k) x,, (4)

where theL x L matrix M(k) is defined as

M(k) 2 W Q N(k) Q.

The L x L matrix N(k) is defined such that its entry at positiéi) j) is given bycos(2x7(i — j)k/L),
and ) = diag'w). The imaginary parts of the exponentials in (3) are not idetliin the definition of
N(k), as they cancel out in the positive semidefinite quadratimf(!). Notice thatN (k) is symmetric
Toeplitz, as its entries only depend @n- j|, and circulant, agsos(2wik/L) = cos(2m(i — L)k/L).

With (4) in hand, we will see next that it is straightforwam éxpressD,,(m) in (1) as a quadratic
form as well. Defining firstB(m) as the set of integers indexing the periodogram sampleggquéncy
bandm, we can write an estimate of the energy in this band as

Bum)= > Salk)=xh | 3 M(E) |xn. 5)
)

keB(m keB(m)
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We define next thd x L matrices

R<m>éﬁ SN - Y NG, 6)
WIT L ke Bim) ke B(m+1)
and

P(m) 2 Q R(m) Q. (7)

As R(m) is the summation of symmetric circulant Toeplitz matridgs also symmetric circulant Toeplitz,

but P(m) is only symmetric in general. Now, plugging (5) in (1) andngs(7) we obtain
Dyy(m) = xT P(m) x,, — xI_; P(m) xp_1. ®)
In order to write (8) as a single quadratic form, we define negtextended vector
X 2 (z[(n—1)-A+1],-- ,z[n- A+ L)Y, n=0,1,2,--, (9)

which includes all the components of the overlapping vectgr and x,,_; and which is of length
M = L + A. Notice that we assume the convention of padding with ze®pdof indices less than or

equal to zero. We also define now thé x M matrix

K (10)

which is formed by adding-P(m) at the position(1,1) of an emptyM x M matrix with P(m) at
the position(A + 1, A + 1). The matrix (10) is formally obtained as explained in App@nd. Notice
that the matrix structure in (10) is depicted with almost nertap between-P(m) and P(m) for
visualization purposes; the actual overlap is usually digher. Also,Q(m) is symmetric because(m)

is so. Using (10) and (9) we can finally write (8) as
Dy (m) = %, Q(m) Zn. (11)

For x,, ~ N(0,Z), (11) is consequently a quadratic form in a Gaussian vettee. distribution of
this r.v. may be expressed exactly as a weighted sum?adiistributions [13]. Nevertheless, it can be
verified empirically that, for largel/, a Gaussian distribution suffices to approximate the priibab
density function (pdf) of (11). This approximation is supied by the Central Limit Theorem (CLT) for
i.i.d. signals; for locally correlated signals a broadersi@n of the CLT can also be invoked. Note in
any case that, like the Gaussian distribution, the pdf of {8 even due to the symmetry of the setting.
Last but not least, the Gaussian approximation is a lot eésibandle analytically than the weighted
sum of 2. The adequacy of this assumption will be confirmed in Sedtioby means of the results of

the performance analysis undertaken.
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The relevance of the quadratic form (11) is that it enablesousasily compute the parameters of
the Gaussian model. The expectation and variance of thablas (11) for a Gaussian input are simply

computed as [14]

E[Dn(m)] = tr [Z Q(m)] ) (12)
Var[D,(m)] = 2 tr [(ZQ(m))?] . (13)

These expressions hold for zero-mean but they are extensible to nonzero mean variables. Als), (1
holds regardless the actual distribution %f. Notice that the model's parameters can be obtained
using (12) and (13) for any arbitrary window.

c) DependenciesA rigorous theoretical analysis will have to tackle the degencies between the
variablesD,,(m). Notice that the vectorg,, overlap for several consecutive frame indiegsand this
overlap is higher the smallek is. A small value ofA is required for resilience to desynchronization. Then,
for a fixed bandn the consecutive r.v.'®,,(m) are intuitively strongly dependent. In fact, developiny (8

recursively we arrive at

n—1
Dy(m) =%, P(m) x, — Y _ Dji(m). (14)
i=0

From (14) it is clear that the random variablgB,,(m)}, with m fixed, do not conform to a Markov
chain. Nevertheless, the dependence evident in (14) is wetle long term, that is, between random
variables roughly spacell samples apatrt.

Similarly, given a fixed frame:, the dependencies among the r.y3, (m)}, withm =0,1,..., Ny —
1, needs consideration. As can be observed in (11), the ramdotarx,, which generates all these random
variables is exactly the same. Although it is well known tthet FFT is good at decorrelating the signal
over the spectral components, the overlap of different baamtl frames requires some attention. For
m’ # m, the two corresponding quadratic forms in the same Gaus&etor in (11) are independently
distributed iff Q(m) Z Q(m’) = O [14]. In practice, as we have argued about the fact that @ 1yell
approximated by a Gaussian distribution, it is enough tdfyérat the random variables are uncorrelated.
For zero-mean Gaussi&p the correlation (covariance) between the quadratic fabipén) and D,,(m/)
is given by [14]

Cov[Dy (m), Do (m')] = 2 tr [ZQ(m) ZQ(m')] (15)

Notice by substituting the independence condition intg that two independent quadratic forms on the
same Gaussian variables are uncorrelated, although tkeseeis not true in general. Applying (15) it is

possible to see that the dependencies are not negligibleebatadjacent indices.
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As we will see in the next section, we will overcome the diffiims posed to our performance analysis

by these dependencies by resorting to upper bounding gieate

[1l. PERFORMANCEANALYSIS

As discussed in Section |, a signal presented to the algoiiththe identification stage may differ from
the corresponding original indexed in the database dutiegacquisition stage, and it is the objective
of robust hashing to overcome the problems associated d&thtifying the original in this situation. In
this section we use the model proposed in Section 1l to exartfia probability of bit error of the hash
(P.) in such a situation. We identify two scenarios which resula nonzero probability of error: a) the
signal is distorted by noise addition; b) the signal is nstatited, but it is desynchronized at the input of
the hashing algorithm, i.e. the frame boundaries do not Imexactly those for which the corresponding

stored fingerprints were computed.

A. Noise Addition

In this section we examine the probability of error follogithe addition of zero mean white Gaussian
noiseg ~ N(O,aﬁ I) to a Gaussian hashed signal assumed zero-mean and statibhan, x,, ~
N(0,7), where theM x M covariance matri¥Z, = E[X, %] is Toeplitz with diagonal elements?. The
nonstationary case will be discussed later using our aisabyshe stationary case. In order to establish a
point of operation we define the signal-to-noise ratio (SR 3% If the signal presented to the system

in the identification stage at frameis x,, + g instead ofx,,, the hash value (11) becomes
D;L(m) = (Xn + g)TQ(m)(in +g)
= Dy(m) +2%,Q(m)g + g Q(m)g.
Before proceeding, let us define for notational simplidity variabless = D,,(m) andT £ 2 X1 Q(m)g+
g”Q(m)g. The expectation of is computed using (12), which, using (41) in Appendix A to axg
Q(m) and applying the circular property of the trace, is
E[S] = tr[ZQ(m)]
= —tr[UZUTP(m)] + tr[VZVIP(m)] = 0,
where the second expression is zero due to the fact that treriance matrixZ is Toeplitz and then

UZUT = VZVT. For the same reasop[D,,(m)] = 0, and thereforeg[T] = 0. It is straightforward

to show thatS and 7' are uncorrelated, that ig[S - T] = 0, becauseg is zero-mean and white. We
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have argued that we can mode},(m) (and thenD/,(m)) by means of the Gaussian distribution. In this
caseT must be modeled as a Gaussian too, and then, from uncooreldtifollows thatS and 1 are
independent.

In order to complete the statistical characterization v jieed the variances of the random variables
involved. As D, (m) and D;,(m) are just quadratic forms on zero mean Gaussian variables aye m
use (13) to obtain their variances. Doing so we obtajn= Var[S] = 2tr [(Z Q(m))?]. Similarly, as
Var[D! (m)] = 2tr [((Z +o21) Q(m))z] it follows from independence betweeghandT' that

0% & Var[T] = 20’3 tr [(2Z + 0'3 I) Q2(m)] .

Denoting the error event at frameand bandn ase,(m) = {F!(m) # F,(m)}, we are ready now
to compute the probability of error at an individual framealdrand, which, recalling (2), may be written
as

Prfen(m)] = 5 (Pr[S +T > 01§ < 0] + Pr[S + 7 < 0[S > 0]), (16)

asPr[S < 0] = Pr[S > 0] = 1/2. Using the Gaussia@-function Q(z) = 1/v2r [° exp(—v?/2)dw,

we can compute (16) as

Prfes(m)) = [ 0@0 0 (;—T) fstsyds+ [0 (E) fs(s) ds.

with fs(s) a Gaussian distribution with zero mean and variamg¢e Through a change of variable we

have finally that

Plen(on)] =2 [~ @ (2 fs(s) ds = L aretan (22

1 aretan tr [(2Z + 1) Q%(m)]
— arct <\/ (@) ) : (17)

with Z £ %Z. It is shown in Appendix B that (17) is bounded by

Prle,(m)] < % arctan ( <2 + %) %) ; (18)

where~y, only depends o2 and on the minimum eigenvalue @f Note that (17) and (18) apply to the

particular stationary situation in which the hashed sigeaali.d. This case can also be expressed exactly

in terms of the SNR using@ = £1 in (17). In this case we have that

Prle, (m)] = % arctan ( <2 + %) %) . (19)
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The equation (19) was also previously obtained by Doets aagkhdijk in [10] through a frequency
analysis. Notice however that our analysis highlights bwdh the bound (18) and the exact expression (19)
are independent of)(m), and then both of the type of window used and of the bandThis means
that the same expressions would be obtained placing angraagbfull-rank real matrix in (11), which
sets a bound on the performance of any hashing system whosantived hash values can be put as a
guadratic form on the input signal.

It is also important to realize that, as the variab{és, (m)} —and therefore als@F;, (m)}— exhibit
dependencies (see the end of Section Il), the probabilitiés or (19) cannot just be averaged to obtain
the overall probability of bit error. Nevertheless, we casart to a union-bound argument that allows

the average probability of bit error to be upper bounded as

—1Ny—1
11
P.=——Pr|U,me(m Pr[e,(m 20
o 7 P U n(m)] < NbenZomZo (20)

As the error events are uncorrelated in the long term thenbthend must be reasonably sharp for
large N¢. Also, using the results above, the union bound is boundddrinby the upper bound in (18)

for generic stationary Gaussian signals, and given exagtl{19) for i.i.d. Gaussian signals.

B. Desynchronization

Even in the absence of additive distortions, it is unlikdigttthe frame alignment of the input signal
will correspond exactly to the one used for computing thgioél hash stored in a reference database. We
mean by desynchronization this lack of alignment betweenaditiginal framing used in the acquisition
stage and the framing that takes place in the identificatiages Counteracting desynchronization is the
reason why the Philips robust hashing algorithm has suchladegree of overlapping. Nevertheless, this
strategy pays the price of generating a long hash sequerieh way be costly to store and compare.
In this section we analyze the system performance undemdbsynization. We investigate how we can
tune the system parameters in order to minimize the prababifl bit error caused by desynchronization
for a given overlap, or, equivalently, to minimize the hashdth for a given target probability of error.

Consider a situation in which the signal fed to the systemampute (11) is desynchronized liy
samples, withk € {—-A/2 +1,--- ,A/2} and assuming\ /2 integer for simplicity. Notice that there
is no loss of generality in choosing this restricted rangestaonger desynchronization is dealt with at
the application level (i.e., database search) [6]. Forams®, a desynchronization 4f just shifts all the
fingerprint bits one position (cf. (9)). Assuming desynctization byk samples, the vector used in the

computation of the hash value correspondindXg(m) uses thel indices ofx betweenn—1)A+1+k
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andnA + L+ k instead of the correct original ones as in (9). The resultdsstorted hash valu®,, (m)
and then a certain probability of bit error.
Following a similar procedure as in Section Il to obtain (2@ may write D,,(m) and D),(m) as

guadratic forms in the same Gaussian vector by defining ttendrd vector
X, 2 (z[(n—1DA+2—-A/2],-- z[nA+ L+ A/2)T (21)

of length M + A — 1, that includes all possible desynchronization indicesfprwhenk € {—A/2 +
1,---,A/2}, and that is distributed as,x- N(0,Z). We just need now twoM + A —1) x (M +A—1)

matrices

P ] 7 (22)

obtained by placing)(m) at the position§A /2, A/2) and(A/2+k, A/2+k), respectively, of an empty
(M +A—-1)x (M+ A —1) matrix. The way to obtain analytically the matrices (22) ¢@nfound in
Appendix A. Using (21) and (22) we can achieve our objecti/gviting

Dp(m) = x5 Q (m) X,,  Dy(m) =x5 Q,(m) X,. (23)

Letting againS = D,,(m) andV £ D! (m), our model is based now on the fact tifaand V' are clearly
correlated. Assuming again thétandV can be modeled by zero-mean Gaussian distributions, tlegn th
can also be jointly modeled as a bivariate normal distrdsutientered at the origin, that is, with pdf

1 1 52 2psv v?
fsv(s,v) = exp <—7 <— -+ —>> . (24)
(s:) 2nogoy/1 — p? 2(1—p%) \0% osov  o%

In order to compute the parameters of this model we just neexbserve (23). The variances required

are justo? = o2 = 2 tr [(ZQ(m))?]. In order to compute the correlation coefficigntve need the

covariance betweef andV, which is just (cf. (15))
Cov[S,V] =2 tr [Zgo(m)zgk(m)]

As p = Cov[S,V]/(os - ov), then

tr [2Q,(m)ZQ, (m)]
pm) =~z Q]

where we have made explicit the dependence @in & and m. We can now write the probability of

(25)

bit error of the hash resulting from a desynchronizationkafamples. Defining®(m) £ {F!(m) #

F,(m) | k} we have that

Pr [ (m)] = % (Pr[S > 0|V < 0] + Pr[S < OV > 0]). (26)
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Using (24) to compute (26), this probability is

Pr [eﬁ(m)] = /_OOO </000 fsv(s,v) ds> dv + /000 (/_io fsv(s,v) ds) dv
0o [0
= 2/0 /_OO fsv(s,v) ds dv. (27)

Finally, evaluating the integral (27) we obtain

Pr [eﬁ(m)] = % arccos(pg(m)). (28)

However, (28) is still conditioned to a particular desyratization valuek. In order to average (28)
overk, we will assume thak is uniformly distributed, that isPr[k] = 1/A, fork = —A/24+1,--- JA/2.
As this expectation is difficult to handle analytically dwethe nonlinearity ofirccos(-), we will resort
to an upper bound based on assumingmn) > 0. This is not a very demanding assumption, because
as long as the system does not work catastrophically (thasisong asPr [e’;(m)] < 1/2) then (28)
implies that the correlation coefficient has to be nonnegatiVithin the indicated rangerccos(-) is a
concave function, and then we may apply Jensen’s ineqUalitlyto upper bound the probability of bit

error at framen and bandn as

Prle,(m)] = E [l arccos(p(m))] < 1 arccos(E[p(m)]). (29)

T T
The expectation required in (29) can be readily computexh f{@5) and the uniform characterization of
the random variablé, asg[p(m)] = % >« Pr(m). The expression (29) can be used in turn to upperbound
the probability of bit error of the hash under desynchratimraby means of the union bound, just as
in (20).

It is possible to lower bound (25) for an@(m) using the lower bound to a Rayleigh quotient,
proceeding similarly to Appendix B for upper bounding (4#).this way we obtain an upper bound
to (28), asarccos(+) is strictly decreasing. Unfortunately, this bound on (25)nbt guaranteed to be
positive, and then it cannot be readily applied to (29).

1) Optimal Window for Bandn: Notice that (25) implies that, even for i.i.d. input, the bhdu(29)
on the probability of bit error is now dependent on the windemand on the bandn, differently to
what happened in Section IlI-A (cf. (19)). We will center heur attention on minimizing (29) with
respect to the windowv in the i.i.d. case. This study may not seem at first sight eelevo scenarios
with correlation. Nevertheless, we will show in SectionBIB and Appendix D that this optimization
can also be exploited to obtain a closed-form boundRarsolely dependent on the overlap levkellt

is necessary to stress that this bound will apply to any Ganissgnal regardless of its autocovariance,
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as the i.i.d. scenario is the worst case for the synchraoizatroblem. Indeed, correlated signals will
naturally lead to less hashing errors in the presence ofndgésgnization. For the same reason one may
think that desynchronization must lead to more errors willizations of i.i.d. Gaussian signals than
with real audio signals. Before proceeding, we must remhak in the original proposal of the Philips
algorithm a von Hann window was employed without further sidarations about its optimality for the
hashing problem. Other different windows were studied i f@it mainly for tractability reasons.

In the case we are considering in this subsecHion o2 1, and (25) becomes

_tr [go(m)gk(m)]
pelm) = =

where]|| - || is the Frobenius norm. Asrccos(-) is strictly decreasing, maximizing[p(m)]| as a function

(30)

of w minimizes the bound (29). In order to make this dependenpécitx we will rewrite the average
correlation coefficient in terms of the matrik(m) defined in (6). For notational simplicity, we will drop
the indexm in this section whenever the dependence is clear. Usingotuer|shift matrixC;, defined
in Appendix C it is easy to see that,w is just the windoww with its elements shifted places and
padded with zeros. Then,

Vi Lwo Crw (31)

is the Hadamard product of with itself shifted k& places. Relying on this definition it is shown in

Appendix C that the average autocorrelation correlatiaffaent can be written in terms of the quadratic

forms
A 2 vI(ROR)vy, (32)
as
1 2Ar — Aavk — An—k

Note that Ay is quadratic inv; but fourth order inw. To maximize, we require the gradient df,

with respect tow. Using the chain rule, this can be written as
VwAk = Vvak . Jka
= 2vI(ROR) - Jyvy

whereJy v is the Jacobian matrix of the transformatiep(w) in (31), which, using matrix differential

analysis, can be shown to be

Jwvi = diag(Cy w) + diag(w)Cy.
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Hence, definingb;, = 2(R ® R)v;, the gradient can be put as
VwAy = bl (diag(Cy, w) + diag(w)Cy)
= w'(C] diag(by) + diag(by)C). (34)

Define next the matrixB,(w) £ C7 diag(by) + diag(by)Ck, Where the dependence &, on w
is explicitly shown. Using (34) to obtain the gradient of Y3&d equating to zero, we have that any

extremump* (that is, p*(m)) of (33) must satisfy the third-order system of equations
1
A > [2B(w) — Basr(w) — Ba_p(w)] w = 20" [Bo(w) — Ba(w)] w. (35)
k

This nonlinear system can be solved iteratively as follol¥sfine w(® to be the window at the'"

iteration andB,(j) 2 B, (w®). At the i*? step, solve the generalized eigenvalue problem:
37 2B - BATY - BATY | W = 260 [BYY - BT wl) (36)
k

for the maximum generalized eigenvalg® and associated generalized eigenvestd?. This iterative
method converges experimentally to an optimal winde®(m ), using, for example, a von Hann window
as the initial window.

SinceR ® R is circulant, the coefficientb; can be computed i® (L log L) operations using only
the first row of R ® R and the matrix multiplication algorithm for circulant mags based on the FFT.
Furthermore, for any: the matrixB;, is nonzero only in the&*" subdiagonal and superdiagonal. Hence,
an eigenvalue solver for large sparse systems such as ARPAE}KCan be used to compute the largest
eigenvalue/eigenvector pair of (36).

Note that the optimal window according to this strategy aeiseonR () and hence on the frequency
bandm. In Figure 2, optimal windows obtained for a number of diffier frequency bands. are shown.
Examining the figure we note the similarity of the optimal ddnvs on different frequency bands. The
reason for this similarity is due to the near-independericheoptimal window with respect to the band
for large L, which is discussed in depth in Appendix D. The windows areegated forl. = 13,300
samples, corresponding 1g ~ 0.3 seconds for the sampling frequenfty= 44.1 kHz, which we assume
by default.

2) A Band-Independent Windowhe actual use of a different window for each frequency band —
implied by the optimum given in the previous section— wouwdduire [V}, times more computation than
the original Philips algorithm. It is therefore not a trdd&approach in practice. On the other hand, note

that the average correlation coefficient over all bands asymchronization levels = Nib > m Elp(m)]
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determines a bound of the overall probability of bit erroattitan be used for optimization purposes.

Indeed,
1
P < ——§ § Pr [e,(m)] < - , 37
SN r[e < — arccos () (37)

where the first inequality is just the union bound (cf. (203 &he second one is due to the aforementioned
concavity ofarccos(-) for positive arguments. Unfortunately, the problem of firgla single windovw*
that yields a maximum average correlation coefficight that is, that minimizes (37), turns out to be
both analytically and computationally difficult.

In order to overcome the difficulties entailed by this optiation, we resort to a suboptimal approach.

This approach consists of employing the average windowngixe

1 *
= ﬁb;w (m), (38)

with w*(m) the optimal normalized window for bandk, whose corresponding average correlation
coefficient isp*(m). This window works well empirically over all frequency band\otice that, due to
the higher degree of freedom, it always holds t,h*aK E p*(m), that is, the result of maximizing
the average correlation coefficient using a single windomafbbands can never be better than when we
use a different window per band. Then, we can use this inggualgauge how good the approach (38)
is. Letting z* denote the average correlation coefficient correspondindpe window given by (38), if
Nib Yo p¥(m) = ", then a bound with the solution (38) must be close to the diploptimum bound.

3) Asymptotic Performance of Optimal Windows in Section IllI-A, where we made the probability
of bit error explicitly dependent o& (SNR), it is desirable in this case to makk explicitly dependent
on the degree of overlaf. In Appendix D we obtain such a relationship through an esgion for
E[p] in terms off which holds for the optimal window a6 — co. According to the derivation in that
appendix, which proceeds by approximating the shifted ard-padded window,w by a circularly

shifted windowC,w, and by using the optimization equation (35), it is posstblevrite

P. < %arccos (W) , (39)

which represents an asymptotic upper bound on the bit ewertd desynchronization in terms of the
overlap, that holds aé — oo andé — 1. This expression has been derived for i.i.d. Gaussian igna
but can be used as a guide for setting the system parameteeslosignals, whose performance should
be better in practice due to short-term correlations. kb aisggests that provided andé are sufficiently

large, the system performance under desynchronizatiomdiespiendent of the frequency band.
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Finally, it is also possible to apply the derivation of AppleénD to the von Hann window. As indicated
therein, it is possible to verify that, provided the bangeledent ter% is small, the von Hann
window is asymptotically close to optimal. Consequently, performance will be in this case close

to (39).

V. EXPERIMENTAL RESULTS
A. Gaussian Signals

In this section we verify empirically the theoretical arsdg undertaken for zero-mean stationary
Gaussian signals. We present first the results in SectieA bbtained for zero-mean additive i.i.d.
Gaussian noise independent of the hashed signal. Figure@sstine union upper bounds using (18)
and (19) compared to corresponding empirical data. The liarision used in the simulations is the
original one in Philips method, but frames @} = 0.01 seconds are used. The two correlated cases
correspond to thé/ x M tridiagonal covariance matricés™ = o2 (I + %(Cl + C_l)>, which have the
same minimum eigenvalue and, consequently, the same uppedbThis illustrates the fact that the
bound (18) may be tighter or looser depending on the paaticalitocovariance matrix. We must also
point out that the upper bound may not be useful if the minimaigenvalue ofZ is too small.

We present next empirical results for the desynchroninaditalysis undertaken in Section IlI-B. First,
we verify the accuracy of the analysis for one band and a fixeynkchronization level. In Figure 4 (28)
is shown for the normalized values of the desynchronizdteal , i.e., « = k/A, and for degrees of
overlapfd between0 and 1. We see that the analytic expression (28) provides a gooadrfithe whole
desynchronization range. The results are obtained usingnaHann window and averaging frames of
length L = 441 samples{; ~ 0.01 seconds) with i.i.d. Gaussian hashed signal. Figure 4 Hisirates
the relationship between the probability of bit error and tlegree of overlap, i.e., when the number of
nonoverlapping sampleA is large, the hash size is small and less robust to desynighatam, resulting
in a higher probability of error.

We address next in Figure 5 the results for the overall unioond on P, with desynchroniza-
tion. The empirical plots illustrate the results for botte thon Hann window and the optimized win-
dow (38), obtained by averaging the band-optimal windowlse Pperformance achieved with these
windows is compared with the bound on the union bound givefB3Yy usingz*. The expression given
by L arccos(Nib > pf(m)) (labeled as ideal union bound) is also illustrated; thearess of these two
theoretical plots confirms the accuracy of the suboptimar@gch, as discussed in Section IlI-B2. Note

that the bound on the union bound is relatively sharp, aljhatilooks somewhat loose in Figure 5 due
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to the scale. It can be seen that the suboptimal window basdbeoanalytical bound (i.e., the average
of band-optimal windows) results in a reduction Bf with respect to the von Hann window for any
given degree of overlaf. Alternatively, for a fixedP, the optimized window allows the size of the hash
to be reduced. For instance, looking at Figure 5 we see thhtom= 0.945 and the optimized window
we can get the samg, as withf = 0.955 and the von Hann window. This overlap decrease accounts
for a reduction of approximatel§0% in the hash size. In any case, these results show that thelaon

window is very close to optimal, as reasoned at the end ofi@ett-B3.

B. Real Audio Signals

Although the analysis in this paper has been centered ondizausignals, the robust hashing method
by Haitsma et al. is a practical tool. Then, it is interestiogdetermine the validity of our analysis
for real audio signals. In order to undertake this study,eolss firstly that our performance analyses
have been obtained as/eragesover the ensemble of signals with a given distribution. Nbekess,
when dealing with real audio signals we will have particutzalizations, and so these averages (and the
concept of stationarity) will have to be interpreted in agoglic sense. Also, in general, real audio signals
neither present Gaussian statistics nor are they stagioAasuming thatD,,(m) can still be modelled as
Gaussian, the first issue above will cause inevitable inaooes with respect to the computation of (13),
but (12) will still be exact for arbitrary distributions. Wi respect to the second issue, we will assume that
it is possible to approximate a high percentage of the lenftleal audio signals by locally stationary
stretches, so that our stationary analysis can be appreedyrepplied. In this case, we will have for each
framen a possibly different autocovariance matty, and Pr[e, (m)] will depend now onmn unlike in
the stationary case that we have analyzed.

A short preliminary discussion will help us to determine whahavior we can expect, showing at
the same time the insights for real signals afforded by ounsSian analysis. We have seen that the
performance of the Philips hashing method is governed bmtméise addition and desynchronization
by ratios of matrix traces (cf. (44) and (25)). In order to ghight on the effect of these ratios on real
signals, it is useful to assume for a moment thdin) = 1. In this particular case, it is trivial to see
that the noise addition performance dependgdnZ + M)/|Z||?> = (2¢ + 1)/(||Z||?/M) whereas the
desynchronization performance dependsioffL + A) = 1/(2 — 6) (actually, a lower bound on the
average correlation coefficient, and hence an upper boumperiormance). That is, for fixed SNR)(
the noise addition case will depend on the normalized Friolsenorm of the autocovariance matrix,

whereas the upper bound in the desynchronization case mill @epend on the degree of overlap for
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any autocovariance matrix. Assuming that this discussppties to the case with the full-matricé€gm),

it suggests highly variable performance results for diffgéreal audio signals with noise addition, as the
locally stationary autocovariance matrices can be quiferént for different audio tracks. On the other
hand, it also suggests that in the desynchronization casshaeald expect less inter-signal performance
variability, owing to a weaker performance dependence enatitocovariance matrices.

Following the discussion above, in order to predict perfamge for a particular signal —especially, in
the noise addition case— it will be necessary to estimateatliecovariance matrices corresponding to
each locally stationary stretch. Note that it is necesdaaythese matrix estimates be positive definite. If
the estimated autocovariances were not positive definiteautd certainly obtain spurious predictions,
as we might have negative or zero eigenvalues in (45) anddled in (44) might take negative values,
which bears no real-world meaning. Finally, there is an tiehe tradeoff in the estimation of these
autocovariance matrices. Notice that the estimation yatelength must be short enough to guarantee
local stationarity within intervals of that duration (wheu@r possible), but at the same time long enough
in order to guarantee a good quality estimate.

We present next the results of predicting the hashing pedace by applying our analysis fesecond
excerpts of three real audio signals already used in [1]: 6@Quna” by Carl Orff, “Say what you want” by
Texas, and “Whole lotta Rosie” by AC/DC (16 bits, 44.1 kHz)e Wiay observe in Figure 6 the disparity
of results for these three signals, that we have discussddésto noticeably different autocovariance
matrices. The theoretical results in the figure have beeairdad using (17) and (20), as unfortunately the
bound (18) turned out to be too loose with the real data useel e5timation interval length§)() used are
given in the plot; the best estimation interval size is ofrseudependent on the local stationarity features
of the actual signal considered. The use of the full expoesél7) limits the practical applicability of
the theoretical predictions to small frame sizes, due tontila¢rix multiplication involved; nevertheless,
the good fit of the theoretical results encourages the fulerelopment of practical approximations to
that equation. The theoretical result for i.i.d. Gaussi®mlso plotted in order to stress the fact that it
is not possible to predict performance for real signals gigirclusively the SNR. We have only shown
the adequacy of our analysis for three signals with notilyedifferent performance results; nevertheless,
we have verified similar goodness of fit for a number of othgnals. These results suggest that the
true value of the variance dp,,(m) is never far from (13) with real signals, and that our assionpf
Gaussianity ofD,,(m) and local stationarity are also sufficient with real signals

In the desynchronization case depicted in Figure 7 we obstt® opposite effect discussed at the

beginning of this section. It is remarkable that, for the eahmee real audio signals as before, the empirical
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results are now very similar to each other and very similathwi.i.d. Gaussian case. As discussed in
Section 11I-B3, the performance of the latter case acts aataral upper bound for desynchronization.
This bound is tight due to the weak dependence of the resiiltsraspect to the autocovariance matrix
that we have discussed. Therefore, we can use (39) to pradicirately performance for any signal,

especially when frame sizes have realistic (large) valbegice that this expression has been obtained
for the best possible window in the i.i.d. case, and for thisson the plot lies below the i.i.d. Gaussian
empirical values which correspond to the von Hann windovineDteal signals tested exhibited empirical
results very close to those in Figure 7, confirming the wed&cefof the unstationarity of real audio

signals in the desynchronization case suggested by the bppead discussed.

V. CONCLUSIONS

We have presented a new model of the Philips robust audiorpingéng scheme [1]. Using this
model on Gaussian hashed signals, we have undertaken asiaradlthe probability of bit error of the
hash under both i.i.d. Gaussian noise addition and desgnidation of the hashed signal. In the case
of noise addition, we have derived an upper bound on the gegueobability of bit error for stationary
Gaussian signals, which is tight for i.i.d. input. We havewh that it is possible to use these expressions
to predict with reasonable accuracy performance with rediaasignals, although frame sizes need to be
small for undertaking the computations. In the desynclzation case, we have obtained an upper bound
for correlated Gaussian signals. For the i.i.d. case, wisicghworst case for desynchronization, we have
studied a strategy to obtain a window that minimizes the iptessupper bound. As an approximation to
the solution of this problem, we have obtained a suboptiniatiow that performs slightly better than the
Hann window used in the original method, which we have shanretclose to optimal. More importantly,
this optimization procedure has allowed a closed-form ribtzal expression to be obtained that can be
used to predict the performance under desynchronizatitim generic input signals, in particular with
real audio signals.

Lastly, although the model and the subsequent analysis beee developed with the method of
Haitsma et al. [1] in mind, it may find application in other dan methods. Particularly, a similar
analysis is applicable whenever the generation of the masihvies linear combinations of energy measures
obtained by overlapping linear transforms. A linear transf leads to a quadratic form in terms of energy
measurement, and the overlap can be taken into accouniviofjahe steps undertaken in our proposal.
This is the case, for example, in the audio fingerprintinghods proposed by Mihcak and Venkatesan [17]
and Seo et al. [18].
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APPENDIXA

COMPUTATION OF SHIFTED AND OVERLAPPED MATRICES

In this appendix we explain how to obtain analytically somi¢he matrices used throughout the paper.
The way to achieve this is by means of auxiliary matrices @effiny blocks. We define first the following

L x M auxiliary matrices {/ = L + A):

U=[Ipxr | Onxal, V2[0rnxa|lixr], (40)

with I the identity matrix and the null matrix of size given by the subindices. Using (4@ thatrix (10)
can be written as
Q(m) = —UTP(m)U + V' P(m)V. (41)

In order to place a matriX/ x M at the position(A/2 + j,A/2 + j) of an empty(M + A — 1) x
(M + A — 1) matrix we just define thé/ x (M + A — 1) matrix

U; £ [Onmrxasorj-1y | Inaxar | Onrxaje—j) ] - (42)

Then, the matrices (22) are computed using (42) as

Q.(m) = U Q(m)U;, (43)

—J

usingj = 0 andj = k, respectively.

APPENDIX B
BOUND ON THE PROBABILITY OF ERROR FORSTATIONARY GAUSSIAN SIGNALS WITH NOISE

ADDITION

We pursue here an upper bound to the probability (17) for @8R and over all covariance matrices.
As arctan(-) is strictly increasing, bounds can be simply obtained bynding the argument inside the
square root in (17). This argument is

tr [(2Z + 1) Q*(m)] _ (vec Q(m))” ((227—1— I)7® I) vec Q(m)
tr [(ZQ(m))?] (vec Q(m))T(Z ® Z) vec Q(m) ’

where we have applied ABCD = (vec D)?A® CT vec BT. The operatowec(-) just stacks the columns

b= (44)

of an M x M matrix to form anM? x 1 column vector. Notice that, according to (44), the ratio of
traces on the left-hand side is equivalent to a ratio of catilforms onM? x M? matrices. Therefore,
our strategy will use bounds to a ratio of quadratic formssthj, the covariance matriZ is trivially

symmetric positive definite, and we assume it is full rankeflall its eigenvalues are positive, and it can
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also be decomposed &= WTW for some square matriXV. Applying elementary properties of the
Kronecker product we have that Z = (W@ W)T (W @ W), and defining next £ (W ® W) vec Q(m)

we can rewrite (44) as

vVIWo W)™ T (2Z+1) ®I) (W W) v
[v][?
vi(2I+Z Y eZ )y
[v][?

with W=7 = (W=7 = (WT)~1, Now, this is a Rayleigh quotient [19] which is upper and lowe

bounded for anw # 0 by the maximum and minimum eigenvalugs,x(-) and Ay, () of the matrix

of the quadratic form in the numerator. The upper bound is

Y < Amax (RL+Z7) @ Z7)) = Anax (2T 4+ Z71) A (Z7)

< (24 Mnax(Z71) Amax(Z71) = (2 + A (D)) Apin(2), (45)

where we have applied the following facts: a) the eigenwalofea Kronecker product are the products
of the eigenvalues of the matrices in the product, which drdye positive eigenvalues; b) for any two
symmetric matricesA\ and B it holds Ajax (A + B) < Anax(A) + Amax(B) [19]; and c) the (positive)

eigenvalues o' are the inverses of the eigenvaluesZoflf we define nexty, £ \_! (Z)o2 then we

min

can write

v < (2+ %) L (46)

with ¢ the SNR. A lower bound can be similarly obtained using the imar eigenvalue ofZ, but

only (46) is relevant for bounding the union bound in (20).

APPENDIXC

EXPRESSION OF THECORRELATION COEFFICIENT IN TERMS OFQUADRATIC FORMS

We show next how (30) —and consequerly(m)]— may be rewritten in the i.i.d. case in terms of the
guadratic form (32). As in Section IlI-B1, we will drop therzhindexm for notational simplicity. We will
expand firstly the Frobenius norm @fin the denominator of (30). Using (41)Q||? = tr[QT Q] = tr[Q?]
is just

tr[Q?) = tr[(UT PU)?| 4 tr[(VT PV)?] — 2tr[UT PUVT PV],
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where we have applied the cyclic permutation of the tracebt@in the last summand. UsidgU” =
VVT =T andtr[UTAU] = tr[VTAV] = tr A, and applying again the cyclic permutation of the trace to

the last summand, we have
tr[Q?] = 2tr[P?] — 2tr [P CAPCA], (47)

where thelL x L matrix Cx = UVT is just a subdiagonal of ones at distankdrom the diagonal (lower
shift matrix), and henc€X = C_, is the corresponding upper shift matrix. Then, thex L matrix
CaP CX is justP with rows and columns shifted and clipped. Next we obtain an expression parallel

to (47) for the numerator of (30), which, using (43), can béttem as

tr[Q,Q,] = tr | QC,QCT | (48)

with the M x M lower shift matrixCj, £ QOQ{ a subdiagonal of ones at distancdérom the diagonal.

We can now develop (48) using (41) as
tr [QékQC{] — tr [PUCkUTPUC{UT] - [PUCkVTPVC{UT}
~tr [PUC{VTPVCkUT} Ftr [PVCkVTPVC{VT] . (49)

In this result we have used the linearity of the trace andyitdic property. AsCy, 2 UC,UT = VC, V7
is an L x L subdiagonal of ones at distankdrom the diagonal, the first and last summands are equal.
It is also straightforward to see th@t,; = UC,VT andCa_j 2 UC{VT are L x L subdiagonals of

ones at distanced + k£ andA — k from the diagonal, respectively. Then, (49) can be writterich (47))
tr [Q, Q,] = 2tr [PCkPC]] — tr [PCa4xPCL ;] — tr [PCaA_PCK_,]. (50)
Substituting next (7) in any of the matrix shifts in (50) wetaohat
CyPCT = ¢ orOCT
= CLOR_.QCE = Q. ROT, (51)

where the second equality is due to the fact tRas Toeplitz and that the two outer matrices shift the

rows and columns of the inner matrkxpositions. Applying (51) to (50) we have that
tr[Q,Q,] = 2tr [(AURR)?] — tr [(2Q2a14R)?] — tr (2024 4R)?] (52)
using 2,0 = Q€ because diagonal matrices commute. Similarly, we can 4if¢ as

tr[Q?] = 2tr [(°R)?] — 2tr [(20QaR)?]. (53)
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We note next that for any diagonal matiix [19]
tr [(DR)?] =d"(R @ R)d, (54)

with ® the Hadamard product andl £ D 1, that is,D = diag(d). Notice thatR ® R is trivially real
and symmetric, because soRs Using (54) we may writer [(2Q;R)?] = (221)T (R © R)(Q€1).
Applying this expression to the right hand sides of (52) a®) @nd using2,1 = w ® Cpyw = vy, it
is now straightforward to obtain (33) departing from the ectation of (30).

APPENDIXD

ASYMPTOTIC EXPRESSION FOR THEOPTIMAL CORRELATION COEFFICIENT INTERMS OF6

In this appendix we will obtain an asymptotic expressiontfa correlation coefficient employing the
optimal window obtained in Section IlI-B1. Firstly, in ond achieve our objective we approximate the
shift operation, defined in terms of the matfi, by acircular shift. Specifically, consider thé x L
circular shift matrixC;, defined by

Ck = Cr+ C%—k- (55)

As L — co, we have that < L and henceC? , — O andCj, — Cj, understanding this convergence
in the sense of the Frobenius norm of the difference normdlizy .. Proceeding in the same manner as
(31) through to (35), we define the correlation coefficignof the circularly shifted system by replacing

C; with Cy, in (31) and arrive at the set of equations that must be satibfjeany window that maximizes

Pk-
% > [2B1(w) = Basr(w) = Ba-w(w)| w = 25" [Bo(w) — Ba(w)| w, (56)
k

whereBy,(w) 2 CT diag(by) + diag(bg)Cy, by 2 2(R ® R)¥;, and¥;, £ w ® Cyw. Consider next the
family of windows

we=21-— EWp, (57)

wherew, £ (w,(0)...w,(L —1))T andw, (i) = cos(2rpi/L), with p = 1,...,L — 1. Both 1 and w,
are eigenvectors of any real-valued circulant matrix [20]particular of R ® R. We will demonstrate

that w, satisfies (56) as — 0. To see this, note thakt,(w,) = 1 — e(w, + Crw,) + O(e?) and hence

br(We) = Aol — edp(wy + Crw,) + O(€2), (58)
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where \g, A, are the eigenvalues @t © R corresponding to eigenvectols w, respectively. It follows
that

diag(by)Crpwe = diag(by)Ci(1 — ew,) = diag(by)(1 — eCrw)) (59)
= Aol — edpwy — (Ao + Ap)Crwy, + O(?),
from which we get
Br(weo)we = Aol — edpwy, — €(Ao + Ap) (Cr + CF )y, + O(€%) . (60)

Let T), £ C), + CL. Then, using (60), (56) evaluated =t reduces to
1

€(>\0 + )\p) A

> @T = Tack — Tatk)wp = 20" (X0 + Ap)(2T0 — Ta)w, + O(?) . (61)
k
To O(e), (61) is a generalized eigenvalue problem in real-valuechiant matrices and hence is approx-

imately satisfied by, for anyp =1,..., L — 1. The maximum eigenvalue, which gives the maximum
correlation in the generalized eigenvalue problem, ocatfs= 1, leading to the approximate solution

= 201(k) — (A 4 R) - (A k) + O(D)
CAED S 2iﬂ—wﬂADlO&% ’

(62)
k

obtained using’! (R ® R)¥; and v, = w, ® Crw, as in (33). Ase — 0 we may neglect the terms on
O(€?) and this solution is independent &, that is, independent of the band. Notice also that in this
case (61) becomes closer to an exact generalized eigerpadbem, and that\, + ),) factors from

the equation. Simplifying next (62) by using the identity

K .
1 sin(x) )
kz::lcos(k:a:) =3 <—1 + cos(Kz) + A —cos(@)) sm(Kw)) , (63)
and taking the limit ad. — oo, holding the overlag fixed, we get
s sin((1 -6
gpt] — Sl = 0)m) (64)

(1-0)r
Finally, notice that the periodic von Hann window belongshte family of windows defined by (57), just
settinge = 1 andp = 1. Using this window we may recomputep| to obtain an expression completely
parallel to (62), but in which the terms an(e?) cannot be made now tend to zero ¢is fixed to1).
Nevertheless, it is possible to prove that, as Ion%% < 1, these terms can also be neglected,
and in this case (64) applies. Then, the von Hann window isecto optimal in these conditions.
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Fig. 1. Philips hashing algorithm, rearranged as in [9].
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Fig. 2. Optimal windows obtained for a number of differerecfuency bandsn.
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Fig. 3. Probability of bit error under additive independént. Gaussian noise versus SNR, using both i.i.d and zieeé
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Fig. 4. Probability of bit error for one frame under desymufization versus normalized desynchronization levek k/A,
for different levels of overla@ and using i.i.d. Gaussian hashed signal (bane- 5).
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Fig. 5. Probability of bit error under uniform desynchratipn versus overlap level, using i.i.d. Gaussian hashgdasi
Empirical results correspond to the von Hann window and &dptimized window obtained as the average of band-optimal
windows, respectivelyls ~ 0.3 seconds. The vertical dashed line shows the original qvdeeel proposed for the Philips

algorithm.
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Fig. 6. Probability of bit error under additive independent. Gaussian noise versus SNR, using 5-second excefptser

real audio signalsTy = 0.05 seconds, von Hann window.
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Fig. 7. Probability of bit error under uniform desynchraation versus overlap level, using 5-second excerpts oétreal audio
signals and i.i.d. Gaussian signdl; = 0.3 seconds, von Hann window. The theoretical result is the psytic performance

for an optimal window. The vertical dashed line shows thgingl overlap level proposed for the Philips algorithm.
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