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Abstract. Modelling and analyzing the flow of influence is a key chal-
lenge in social network analysis. In scenarios where the network is too
large to analyze in detail for computational reasons graph partitioning
is a useful aid to decompose the large graph into manageable subgraphs.
The question that arises in such a situation is how to partition a given
graph such that the the solution obtained by combining the solutions from
the individual subgraphs is as close as possible to the optimal solution ob-
tained from the full graph (with respect to a particular objective). While
graph cuts such as the min cut, ratio cut and normalised cut are a useful
aid in breaking down the large problem into tractable subproblems, they
may not yield the optimal graph partitioning with respect to a given
objective. A natural question that arises in this scenario is “How close is
the solution given by the graph cut to that of the optimal partitioning?”
or in other words Are the above graph cuts good heuristics?

In this report we pose the above questions with respect to two graph
theoretic problems namely the minimum dominating set and maximum
coverage. We partition the graphs using the normalised cut and present
results that suggest that the normalised cut provides a “good partition-
ing” with respect to the defined objective.

1 Introduction

Social network analysis is of relevance in marketing due to the potential to model
the flow of influence in the network. A useful objective is to identify “influential”
nodes in the graph in order to selectively target them so as to “cover” as large
a portion of the network as possible. Problems of this nature and their variants
have been studied in various domains such as “word of mouth” promotion of new

! This work was supported by Science Foundation Ireland Grant No. 05/IN.1/124 and
Enterprise Ireland Grant No. PC/2007/010



products [1, 2], diffusion of technological innovations [3,4], spread of communi-
cable diseases [5, 6], cascading failures in power systems [7] and so on. Different
types of models have been employed for modeling the dynamics of interaction
between individuals in different domains.

An important problem in these models is the choice of an initial set of target
nodes. This often leads to one of the well known NP-hard problems in graph
theory. The Minimum Dominating Set (MDS) (and the set cover problem of
which the MDS may be regarded as a special case) and Maximum Coverage
problems arise in many applications. We motivate these problems as arising from
applying a “first approximation model” in a word-of-mouth marketing scenario.
The minimum dominating set can be shown to arise as a result of a special
case of Independent Cascade Model, (in fact Kempe et al. [8] show that the
discrete optimization problem for the Independent Cascade Model is NP-hard
by showing that the Set Cover problem is a special case). These aspects are
discussed in subsequent sections.

Given that many real world networks consist of millions of nodes, it may
often not be possible to work on the entire graph. For instance it may be more
feasible to run computationally intensive analysis techniques on subgraphs ob-
tained via graph partitioning rather than on the entire graph. While there exists
a significant amount of literature related to the dominating set and maximum
coverage problems, the main contribution of this report is examining the above
graph covering problems in a problem decomposition context.

Although most of the analysis in this report is general (i.e. not specific to any
application), the analysis is motivated from a marketing scenario. While many
such problems are amenable to be formulated as facility location problems, we
make the following broad distinction. While fairness is an important considera-
tion in facility location problems (i.e. it is important that every node is covered
adequately by its nearest facility), this is usually not the case in a marketing
setting. The aim is to cover as many nodes as possible, possibly within a given
budget allocation.

This report is organised as follows. We present a snapshot of relevant previous
work in section 2. In section 3 we provide the background and briefly review
some of the results in the literature most relevant to this report. We motivate
the problem in section 4. In section 5 we examine the graph coverage problems in
a problem decomposition context. We present experimental results on synthetic
and real data in section 6. The report finishes with conclusions and future work
in section 7.

2 Previous work

The problem of identifying influential nodes in graphs arises in many appli-
cations. In marketing the aim is to identify influential nodes in the graph in
order to target them with promotions in order to maximise the viral impact
of a marketing campaign. Which nodes are influential and how best to target
them depends on the actual application. In models for the spread of diseases,



the main concerns are to devise optimum disease surveillance strategies and/or
identify high risk individuals for vaccination; the overall goal being to contain
an outbreak of a disease. On the other hand in devising marketing strategies,
the aim is to target individuals with the overall goal of spreading the innovation
within the population as much as possible. For example given a call graph of
mobile phone subscribers, the object is a targeted placement of offers to selected
mobile phone subscribers with the goal of spreading the word out to as many
subscribers as possible.

A number of researchers have looked at the propagation of viruses, whether
biological or computer viruses, through a social network, in the context of epi-
demic modelling. In many such approaches individuals in the network are as-
sumed to be in one of a number of possible states. In this context, state I cor-
responds to infected individuals, state S corresponds to susceptible individuals
who may become infected though contact with other infected people and state
R corresponds to recovered individuals. Commonly used models include the SIS
and SIR. In a SIR model, recovered individuals cannot be reinfected whereas, in
an SIS model, infected individuals return to the susceptible state after recovery.

Various models have been employed for modeling the dynamics of interac-
tion between individuals in different domains. Many mathematical models for
the spread of communicable diseases use differential equations based on uniform
mixing assumptions [9] or other ad hoc models for the contact process. Granovet-
ter proposed a model incorporating node specific thresholds to model collective
behaviour [10]. Domingos and Richardson [1] consider a marketing context, they
model the social network as a Markov random field where each customer’s prob-
ability of buying is a function of both the intrinsic desirability of buying the
product as well as the influence of other customers (network effects). They pose
the question of which individuals to select for targeted marketing of new inno-
vations or products with a goal of triggering a large cascade of further adoptions
and suggest heuristics for identifying customers who have a large overall effect
on the network.

Other models include dynamic cascade models drawing from work on inter-
acting particle systems. The Linear Threshold and Independent Cascade
models are examples of two widely used diffusion models, both are briefly out-
lined below. Although many variants of the Linear Threshold model exist, a
characteristic of such models is that the tendency of a node to become active
increases as more of its neighbours become active. Specifically, a node v is influ-
enced by each neighbour w according to a weight b, ,, such that Zw byw < 1.
Also each node v chooses a threshold 6, which is the fraction of neighbouring
nodes that are activated. In the case of the independent cascade model, there is
an initial set of active nodes Ay and the process unfolds in discrete time steps as
follows: When a node i becomes active say at time step ¢, it attempts to activate
its inactive neighbours. Let the probability that node 7 is successful in activating
node j (j € N(i)) be P(i, ). If i succeds in activating j, then j becomes active at
time step t 4+ 1. However, node ¢ is not allowed any further attempts to activate
any of its neighbours later on.



Goldenberg et al. [2] investigated the independent cascade model in the con-
text of word of mouth marketing. Kempe et al. [8] study the problem of maxi-
mizing the spread of influence through a social network in a marketing context.
They consider the issue of choosing influential individuals as a discrete optimiza-
tion problem. They show that the influence maximization problem is NP-hard
for linear threshold and independent cascade models and obtain provable bounds
for a natural greedy strategy using an analysis framework based on sub modular
functions.

3 Preliminaries : Minimum dominating set, maximum
coverage problems and submodular functions

We briefly outline two results from the literature which are used in the rest of
the paper. The first concerns the minimum dominating set problem which is
an instance of the well known set cover problem [11]. The second is a result
from Nemhauser et al. [12] utilising the theory of submodular functions.

3.1 Minimum Dominating Set

The minimum dominating set (MDS) problem may be stated formally as, “Given
a graph G = (V, E), a dominating set is a subset V' CV such that forallu € V
there is a v € V' for which (u,v) € E.” The MDS problem entails finding a
dominating set of the smallest size for a given graph G = (V, E) i.e. finding the
smallest set of nodes V' such that for any node in the graph either it or one of
its neighbours belongs to V'

This problem and its variants have been addressed by various researchers.
We only aim to give a small sample of the recent literature in graph theory
pertaining to the minimum dominating set. The MDS problem is NP-hard even
for classes of graphs such as bipartite graphs and chordal graphs, however re-
cently there has been interest in exact algorithms for minimum dominating set
[13-15] (these are of course exponential time algorithms). In [13] Fomin et al.
present algorithms with running times 0(1.4143™),0(1.7321™) and O(1.5144™)
respectively for split graphs, bipartite graphs and graphs of maximum degree
three. They also present an O(1.9379™) algorithm for general graphs. Exact al-
gorithms for MDS on general graphs have also been proposed by Randerath
and Schiermeyer [15] (O(1.8899™)) and by Grandoni [14] (O(1.8026™)). Kuhn
and Wattenhofer [16] develop a new fully distributed approximation algorithm
based on LP relaxation techniques. For an arbitrary, possibly constant parame-
ter k and maximum node degree A, their algorithm computes a dominating set
of expected size O(kA?/*log(A) | DSOPT |) in O(k?) rounds. They claim this
to be the first algorithm which achieves a non-trivial approximation ratio in a
constant number of rounds.

The MDS is a special instance of the Set Cover problem [11], stated formally
as follows.

Let U be a finite set and F a family of subsets of U, such that every element of



U belongs to at least one subset in F. i.e. U = UgepS. The problem is to find a
minimum size subset C C F whose members cover all of U i.e. each member of U
belongs to at least one set in C. The set cover problem is NP-hard [17], however,
a polynomial time greedy approximation algorithm may be employed; in each
step of the greedy set cover algorithm, the set S covering the largest number
of remaining uncovered elements is picked. This algorithm is reproduced below
from Cormen et al. [11].

GREEDY-SET-COVER(X,F)

U—X

C— ¢

while U # ¢

do select an S € F that maximizes | SNU |
U—~U-5

C—Cus

return C'

It can be proved that the greedy set cover algorithm returns a set cover
whose size is at most H(dma,) times the size of an optimal (the smallest) set
cover where

— dmaz 18 the cardinality of the largest set i.e. oz = maz | S |: S € F and
— H(d) = Zle 1/i is the dth harmonic number.

The reader is referred to [11] for a description and related analysis. The result in
[11] expressing the size of the greedy set cover in terms of the optimal set cover

can be written as

* g
c Zm (1)

where

— g = the size of the greedy set cover i.e. the number of sets selected in the
set cover by the greedy set cover algorithm.

— ¢* = the size of an optimal (the smallest) set cover.

— dmae = the maximum degree among all the nodes and

dmac

H(dmaac) = Z 1/i

i=1

The size of the greedy cover is a 1+log(n) bound on the optimal since H (dnqz) <
1+ log(n).

Another NP-hard problem that arises in many practical applications is the
maximum coverage problem described below. Given a universe U of n ele-
ments and a family F of subsets of U, and an integer k <| F' |, find the k-element
subset C € F (i.e. | C |= k) that maximises UgecS. i.e. choose a subset of the
family F such that the number of elements covered is mazrimised. The same
greedy algorithm as the set cover can be employed here as well, the only differ-
ence being that the algorithm terminates after k sets are chosen. Utilising the



theory of sub modular functions [12], Nemhauser et al. show that the greedy
algorithm provides a value within (1 — 1/e) of the optimal. We briefly review
sub modular functions below.

3.2 Submodular functions

Let f(.) be an arbitrary function that maps subsets of a finite ground set U to
non-negative real numbers. f(.) is said to be submodular if it satisfies

f(SUv) = f(S) = f(TUv) = f(T) (2)

for all elements v and all pairs of sets S C T. There are a number of equivalent
definitions of submodular functions. Sub modular functions have a number of
nice tractability properties. One such property is that of “diminishing returns”
given by (2) above; the marginal gain from adding an element to a set S is at
least as high as the marginal gain from adding the same element to a superset
of S.

Let f be a non-negative, monotone submodular function, let S,(Cg) be a set
of size k obtained by selecting elements one at a time, each time choosing an
element that provides the largest marginal increase in the function value. Let Sj;
be a set that maximizes value of f over all k-element sets. Nemhauser et al. [12]
show that the greedy approach provides a value within (1 —1/e) of the optimal.

Switching back to the maximum coverage problem, let S be a set of nodes,
and let f(S) denote the number of nodes covered by this set. It can be seen
easily that f(S) is a submmodular function. Let S ,(Cg ) denote the k-element set
obtained by a greedy selection of elements i.e. the set obtained by adding that
element which yields the largest marginal increase in the value of the function f
at each step. The result from Nemhauser et al. can be expressed as :

F(SE) > (1—1/e)£(S}) (3)

4 Problem formulation

Given a social network graph we consider the problem of choosing an initial set
of nodes so as to ensure with high probability, that as large a fraction of the
whole network is covered. This can be approached in many ways. For instance,
Domingos and Richardson [1] model the social network in a marketing context as
a Markov random field. Kempe et al. [8] consider the issue of choosing influential
sets of individuals as a discrete optimization problem. They consider the Linear
Threshold and Independent Cascade models (and their generalizations) both of
which involve an initial set of active nodes Ag. In this section we formulate the
problem as a discrete optimization problem similar in spirit to Kempe et al. [8].
We show that the Minimum Dominating Set and Maximum Coverage problems
described in section 3 arise as special cases.

Let Ag denote the set of initially active nodes. These active nodes try to
activate other nodes which in turn attempt to activate others and so on. In



general the activation process is probabalistic, hence we define an activation
probability matrix P where

P(i,j) = Prob(Node i succeeds in activating node j |1 is currently active)

This is equivalent to a graph G = (V, E, P) where V is the set of vertices, F the
set of edges and the edge weights are the corresponding activation probabilities
given by P. The problem may be stated as :

Problem 1

Given an activation probability matriz P, choose a set Ay consisting of k (a fized
number) initially active nodes so as to mazimize the expected number of active
nodes at the end of the process.

Given an initial set of active nodes Ay = {uy,us,...ux} at time ¢ = 0, the
expected number of active nodes at ¢ = 1 can be computed as follows:
Let S be a binary vector such that

. 1 if node i is active
5() = { 0 otherwise. (4)

Let S(©, 8 denote these vectors at time steps t = 0,1, ... respectively. Let
EM(Ag), E@(Ap)... denote the expected number of active nodes at time steps
t=1,2,... respectively.

Let v be a node that has edges connecting one or more of nodes in Ag. As-
suming that the attempts of active neighbours of v to activate v are independent,
the probability that v becomes active at time step ¢ = 1 can be expressed as :

Prob(SM(v) =1] Ag) =1 — H (1 — P(us,v)) (5)
u; € Ao

Compute the probabilities of activation for each node according to (5). The
expected number of active nodes at time step t = 1 (excluding the set of initial
active nodes) is then :

EW(Ag)= > Prob(S'(v) =1] Ag) (6)
veEV—Ag

Computing the expected number of nodes at the end of the process depends
on the model employed for the propagation of information. The problem of
choosing a set of k initially active nodes so as to maximize the expected number
of nodes at the end is intractable in many cases since it usually entails computing
the expected number of active nodes for each combination of k initially active
nodes.

We simplify the problem as follows.

Problem 2

Choose a set of initially active nodes Ag = {u1,...,ur} so as to mazimize the
expected number of active nodes in the next time step.

However as we shall soon see, this problem can be shown to be NP-hard by
considering a special case, namely that all the probabilities of activation are



either 1 or 0. In this case, every neighbour of any of the initially active nodes is
activated. Thus for each of the nodes i = 1,...,n we can associate a set of nodes
covered by node 4, namely C; = N (i) where N (i) denotes the neighbours of i.

Given a fixed number of initially active nodes (say k) the problem reduces to
finding a set of nodes Ag = {u1,us, ..., ux} such that | Us_, C,, | is maximized.
This is the maximum coverage problem described in section 3. The question
of what is the minimum number of initially active nodes such that all nodes are
active in the next time step, is the minimum dominating set problem.

For the rest of the report we consider the special case of deterministic ac-
tivations and address the Minimum Dominating Set and Maximum Coverage
problems. Let G = (V, E) (V is the set of vertices and E the set of edges) be a
binary coverage graph where

. 1 if node 7 ”covers” node j
G(5) = {0 otherwise. (7)
In case of completely deterministic activations, G(i,5) = 1 implies that node i
activates node 5 with probability 1, however this is unlikely to be the case in most
real networks since there is uncertainty as to whether information is propagated
from one node to another. In practice, G could be obtained from the original
network, by applying criteria most suitable to the particular application. For
instance the coverage matrix could be the binary matrix obtained by applying
a threshold on the edge weights of the original network. If the edge weights
represent probabilities of activation, then retaining only edges with weight above
a threshold (say pihresn) amounts to enforcing that any currently inactive node
has a probability of activation of at least pinresp if any of its neighbours are
active (this can be seen easily from 5). In this case G(i,j) = 1 implies that ¢
activates j with a probability > piaresh-

5 Graph coverage problems in a problem decomposition
context

5.1 Notation

We introduce some notation which will be used in the rest of the paper. Let G
be the graph with nodes 1,2,...,n.

— Let cover(G, S) where S C V denote the set of nodes in graph G = (V, E)
covered by the set of nodes S
For an undirected, unweighted graph define cover(G,S) = Uyes(N(z) U z)
where N (z) denotes the neighbours of .

— Let C*(G, k) denote the maximum number of nodes in graph G covered
by selecting k covering nodes i.e. C(G,k) = maxg | cover(G,S) | where
| S |= k.

— Let S,(Cg) denote the set of k nodes in G = (V, E) (S,(Cg) C V) chosen according
to the greedy algorithm.



— Let G be partitioned into Gy = (V, E1) and Gy = (Va, E3) consisting of ng
and ny nodes respectively. Let the maximum node degrees for the graphs
G1,G2 and G be dy,ds and d respectively (for a directed graph let these
be the maximum out-degrees). Let g, g1 and g2 be the sizes of the greedy
set covers (i.e. covers obtained by the greedy approach) of G, G; and Gs
respectively.

5.2 Processing subgraphs obtained by partitioning

We now consider the dominating set and maximum coverage problems in a prob-
lem decomposition context. We define the objective function X (°Ptmal) a5 the
ratio of the solution obtained by combining the optimal solutions from the in-
dividual subgraphs to the optimal solution obtained from the original graph.
In the case of the MDS the aim is to minimise the number of elements in the
dominating set whereas in the case of the maximum coverage the aim is to maz-
imise the number of covered nodes. Accordingly we define a performance ratio
(plortimal)y such that the maximum value of p(°P#™al) is 1 as

p(optimal) _ min(X(optimal), 1/X(optimal)> (8)

Since computing the optimal solutions in the case of minimum dominating set
and maximum coverage is NP-hard, X (oPtmad) and plortimal) cannot be com-
puted directly. We also define an empirical performance ratio pl97¢¢@) as the
ratio of corresponding empirical quantities computed using a greedy algorithm
(described in section 3).

We now formulate the questions stated in general terms earlier, with respect
to the MDS and maximum coverage problems as follows, focussing on the case
of p = 2 partitions.

Minimum Dominating Set The objective in the case of p = 2 partitions is

k k
X(optimal) O +c5
MDS - c*

where ¢}, ¢5 and ¢* be the sizes of the optimal (smallest) dominating sets of G
and G2 and G respectively. The corresponding performance ratios are :

*

; c
Ratio of optimal quantities pg&%zsmal) = — " (9)
(G
. .. .. (greedy) g
Ratio of empirical quantities py;pg” = ——— (10)
g1+ g2

where,
cj, ¢ and ¢* are the sizes of the minimum dominating sets of G; and Ga, G
respectively and g1, g and g are sizes of dominating sets obtained by the greedy

algorithm Note that while pg&%gnal) is always < 1, pg\%)eesdy) could exceed 1.



Maximum coverage We now consider the questions posed earlier with respect
to the maximum coverage problem and derive the objective function as follows.
As before let G; = (V1, 1) and Gy = (Va, E3) be subgraphs obtained by parti-
tioning G = (V, E). For the maximum coverage, the given inputs are the graph
G and a budget k. There is an additional criterion, namely the allocation of
budgets i.e. the number of covering nodes allocated to G; and Gs, let these be
k1 and ks respectively.

Let ST C Vi and S5 C V5, be the sets of nodes which form the optimal k;-
element and ks-element optimal covers in G; and Gy respectively (k1 + ko = k).
Let S* be the optimal k-element cover for G.

Analogous to an empirical performance ratio for the MDS (pggfggdy)) defined
in (10) we define one for the maximum coverage problem as :

| cover(Gh, Sl(c?)) | + | coveT(Gz,SIgZ)) |
| cover(G, S,(Cg)) |

(greedy) __
Pyrc =

(11)

where Sg) (S,(Cg) C Vi) is the set of k1 nodes in G; and S,(CZ) is the set of

1

ko = k — k1 nodes in G2 both chosen according to the greedy algorithm.

For both the MDS and maximum coverage problems, in the trivial case where
the graph is not fully connected, it is obvious that the best possible bound of
1 is achieved if G is partitioned into G; and G5 where G; and G2 had no
interconnections in G. However it is not obvious how to achieve a good (if not
the optimal) cut with respect to the objective functions stated above in the
general case.

The normalized cut [18, 19] tends to produce balanced partitions. We suggest

that the normalized cut provides a good cut with respect to minimising pgffgigml)

or pgvofgmal). In the next section we present results on real graphs which suggest
that the normalised cut may be a good heuristic towards this end. We refer
the reader to [20] where Meila & Shi interpret the edge weights of a similarity
matrix as edge flows in a Markov random walk and study the properties of the
eigenvalues and eigenvectors of the resulting transition matrix. With this frame-
work, they show the equivalence between spectral formulation of normalized cut
algorithm and eigenvalues/eigenvectors of the stochastic matrix obtained by nor-
malizing the similarity matrix. Armed with this they argue the normalized cut
results in partitions such that the random walk once in one of the parts tends to
remain in it i.e. the probability of moving over to the other part is minimized.

6 Experiments

6.1 Data description

We illustrate our results on synthetic and real datasets. For the synthetic data
we generate power law graphs, for the real data we used graphs derived from
two bibliographic datasets. The datasets are described in some detail next.



Synthetic data

It is often observed that for many real graphs the degree distribution follows
a power law rather than a Poisson distribution [21]. Power law graphs are char-
acterised by a significantly higher probability of nodes with large degrees as
compared to a random graph. These nodes represent hubs which have a signif-
icant impact on overall connectivity of a graph, since a connected set of hubs
can provide short paths between a large proportion of nodes in the network.
Other characteristics often associated with power law graphs are high cluster
coefficient and a scale-free property i.e. an observation of certain properties at
different scales.

The degree sequence of a graph is the set of node degrees (dy,ds,...,dy)
ordered such that d; > ... > d,. To construct synthetic graphs that approximate
real world power-law graphs, random graphs with a given fixed input degree
sequence were generated and the degree sequence was chosen to follow an exact
power law. For kK = 1,...,n, node degrees di were chosen such that

di, = round (ck®) (12)

The constant of proportionality ¢ was set by specifying the minimum degree

dn = dmin, this yields
k: «
dr = round <<—) dmm) (13)
n

A reasonable value of a was chosen based on real-world graphs. For our experi-
ments we used the values a = 10 and d,,,i, = 8 to generate the powerlaw graphs.
Power law graphs consisting of different numbers of nodes (n = 1000, 2000, 5000
and 10000) were generated. For each value of n (number of nodes) 50 powerlaw
graphs were generated and the experiments were repeated on each of the 50
graphs. The basic statistics of these graphs are shown in figure 1(a), the average
values computed from 50 runs. The degree distribution of one of the power law
graphs consisting of 1000 nodes is shown in figure 1(b).

Real-world graphs do not exhibit the perfect power-law characteristics of
these synthetic graphs, but rather tend to exhibit a power-law behaviour in
certain ranges of node degrees. Nevertheless, this is a useful approximation that
allows us to examine algorithms on large-scale graphs which exhibit some of the
characteristics shown by real-world graphs.

Real data

It is often argued that co-authorship networks capture many key features of
social networks in general(eg. [22]). Ideally, while it may be best to use graphs
from the intended target application (eg. marketing data in our case), a practical
issue in social network analysis is that many large datasets such as phone caller
data are not publicly available due to privacy and/or proprietary reasons. On the
other hand, bibliographic information tends to be more accessible publicly and
hence graphs derived from bibliographic datasets tend to be used more often. We



# nodes|Average|Average
# edges|highest
degree
1000 4417 16 (a)
2000 8837 17
5000 22095 |19
10000 {44195 |20
350 \
>300* \\\
2 \
2 250 \
o \
o \
2001 \\
\
\\
Node degree (b)

Fig. 1. (a) Basic statistics of simulated power law graphs used in our experiments.
These graphs were generated according to (13) with dmin = 8 and a = 10 (b) Degree
distribution of a power law graph consisiting of 1000 nodes

suggest that the graphs derived from CORA dataset form a reasonable proxy for
real-world data. For instance the communities are small despite the scale of the
graph — typically containing 10 to 20 members, this characteristic is observed
in real networks such as mobile subscriber networks. Moreover our analysis and
results are quite general and hence not dependent on the specific nature of the
graphs (although the actual numbers may vary significantly depending on the
graph).

The CBR and CORA datasets are described next. The basic statistics of the
resulting graphs are summarised in table 1. In most of our experiments the edge
directions and weights were ignored and the largest weakly connected component
was used (the numbers shown in table 1 correspond to the largest connected
component). The experiments pertaining to the computation of empirical bounds
from subgraphs obtained by partitioning the original graph are described in 6.2.
CBR dataset
Co-citation analysis has become the dominant method for the empirical study
of the structures of scientific communication [23]. The Case Based Reasoning
(CBR) co-citation dataset was collected from a bibliographic analysis of fifteen
years of CBR conferences. The aim was to examine the themes that have evolved
in CBR research as revealed by the implicit and explicit relationships between
the conference papers. The interested reader is referred to [24] for more details.
The CBR cocitation dataset consists of a total of 672 papers from the CBR



conference series, published by 828 individual authors. It is publicly available
for research purposes®. We refer to this dataset as CBR Cocitation (Full).
We also performed experiments on a subset of the CBR dataset this consisted of
papers only within the CBR conferences, we refer to this as CBR Cocitation
(Small).

CORA dataset

The CORA bibliographic dataset [25] contains information and annotations such
as authors, cited papers and topic for over 50,000 research papers®. We used the
paper citation graph, author citation and coauthorship graphs derived from the
CORA dataset for our experiments. Only the papers with available authors
were selected. The number of individual papers and authors were 28400 and
24951 respectively. In each of the graphs the largest connected component was
extracted and used for our experiments. The basic statistics of these graphs are
shown in table 1, as can be observed the highest degree is quite large. Many
real world networks are characterised by the presence of hubs which are well
connected nodes, the presence of hubs tends to enhance overall connectivity.

The author-author and coauthorship graphs were generated from the paper
citation data by assigning edges between the respective authors of corresponding
papers i.e. if paper A cited paper B, we assigned edges between each of the
authors of papers A and B. While many possibilities have been suggested in
co-citation analysis literature for assigning the weights of the edges of author co-
citation and coauthorship graphs so constructed, we mostly used these graphs
as a proxy for social networks; we ignored the edge weights in most cases. We
also illustrate a few results on the graphs after thresholding the edge weights
to exclude spurious and chance relationships, however this did not make any
significant difference with respect to the overall results.

Graph # nodes|# edges|Highest
description degree

CBR Cocitation (Small)|247 8055  |202
CBR Cocitation (Full) |657 24682 |439
CORA paper citation 24542 |100860 |381
CORA author citation 21720 [558143 (1690
CORA coauthorship 20876 (131936 (428

Table 1. Basic statistics of real graphs (the largest connected component) derived
from bibliographic datasets used in our experiments

2 can be downloaded from http://mlg.ucd.ie/cbr
% see http://www.cs.umass.edu/ mccallum/code-data.html



6.2 Empirical bounds for partitioned graphs

In this section we describe experimental results pertaining to computation of
empirical bounds from subgraphs obtained by partitioning the original graph.
As mentioned earlier, while we would like to maximize the performance ratios
pg&%gnal) and pgffpctfmal), these cannot be computed directly since the minimum
dominating set and maximum coverage are NP-hard. However the empirical
performance ratios pS&TDCEdy) and pSfféedy) defined as the ratio of corresponding
empirical quantities in (10) and (11) respectively, can be directly computed. We
argue that the normalised cut is a good candidate for partitioning the graph
from the point of view of obtaining a good performance ratio. We used the
software Graclus to perform the graph partitioning. This software implements
the multilevel method proposed by Dhillon et al. [26]. One main advantage of
this software is that it can compute the normalised and ratio cuts without a
computationally intensive eigenvalue decomposition.

Table 2 shows the results for power law graphs described in section 6.1 for
graphs consisting of 1000, 2000, 5000 and 10000 nodes. For each number of nodes
(say 1000), the results shown are averaged over 50 runs. The numbers shown in
the columns except the first and the last are the mean (standard deviation) of the
respective quantities. The normalised cut provides good emprical performance
ratios in most cases. These are shown in the last columns of tables 2 (power law

graphs) and 3 (bibliographic datasets) respectively. For the power law graphs

pg\‘zggdy) is computed as the ratio of the average sizes of the corresponding greedy

(avg) _(avg)

d (avg)
(greedy) _ g where ¢;"", g5 and ¢(@v9) are

dominating sets i.e. pypg = ~wr—avey
g +95

1
the average values (computed over 50 runs) of the greedy dominating sets of the
two subgraphs and the full graph respectively.

Full graph Sub graph 1 Sub graph 2
# nodes|Mean (std)||Mean (std) |Mean (std)||Mean (std) |Mean (std) pgé’ggdy)) =
g9 [#nodes  [gf®” | #nodes  [g{"? a0

1000 172 (2.2) ||503 (37.9) |[107 (7.1) ||497 (37.9) |106 (6.3) |[0.81
2000 332 (3.6) |{1001 (48.7) |218 (8.4) {|999 (48.7) |216 (8.4) ||0.77
5000 861 (4.6) |[2542 (168.3)[526 (32.2) ||2548 (168.3)(543 (29.4) {|0.80
10000 |1712 (26.3)|[5010 (194.3)[{1050 (39.9){/4990 (194.3)[1045 (39.8)(|0.82
Table 2. Power law graphs : Mean (std. dev) number of nodes, sizes of dominating
sets obtained by greedy algorithm and empirical performance ratio. Columns 1-2 :
Full graph, Columns 3-6 : Two subgraphs obtained by partitioning the graph using

normalised cut. Column 7 : Empirical performance ratio pgé,rggdy)

The results pertaining to real graphs described in section 6.1 (and whose
basic statistics are shown in table 1) are shown in table 3. The graphs were
partitioned into p = 2 partitions and the corresponding empirical performance
ratios were computed. For these bibliographic graphs too the performance ratio



of empirical quantities pS&TDezdy) is quite high, even more pronounced for the Cora

graphs.

Table 4 shows the situation for the same graphs for the maximum cover-
age problem with & = 10,100,1000 and number of partitions p = 2. For the
maximum coverage problem, the number of covering nodes allocated to each
subgraph was proportional to the size of the subgraph (number of nodes in the
subgraph). Assume G = (V| E) is partitioned into subgraphs G; = (V1, E1) and
Go = (Vo, Es) (V1 UV, = V). Let k be the number of covering nodes for the full
graph. The number of covering nodes allocated to subgraphs G; and G2 were:

| Vi |
k1= d| k
1 = roun ( a

|V2|>
kground<k

|V

where | V' |,| V1 |,| Va | are the number of vertices in graph G and subgraphs G
and (g respectively.

Graph Full graph | Sub graph 1 | Sub graph 2 pgv’}ggdy) =
description # nodes|g # nodes|g1  |# nodes|g2> T iqz
CBR Cocitation (Small)|247 11 |102 7 |145 6 |0.84615
CBR Cocitation (Full) |657 27 |288 13 |369 20 |0.8181
CORA paper citation |24542 |4476/12689 |2528|11853 [2055|0.9766
CORA author citation (21720 |1209|10546 |545 (11174 |781 |0.9118
CORA coauthors 20876 (310713687 (2099|7189 1183|0.9466

Table 3. Real graphs derived from bibliographic datasets : Number of nodes and
sizes of corresponding dominating sets obtained by greedy algorithm and empirical
performance ratio. Columns 2-3 : Full graph, Columns 4-7 : Two subgraphs obtained
by partitioning the graph using normalised cut. Column 8 : Empirical performance

. d
ratio p%f;g v)

Next we varied the number of partitions and computed the empirical perfor-
mance ratios for the minimum dominating set and maximum coverage problems.
As mentioned above, for the maximum coverage problem, the number of cov-
ering nodes for the full graph was (k = 100) and the numbers allocated to the
subgraphs (k1 and k3) were proportional to the sizes of the subgraphs. Figure
2 shows the empirical performance ratios pg\%)eesdy) and pg\‘?gedy) (as defined by
(10) and (11)) corresponding to the MDS and maximum coverage respectively,
for the Cora graphs. The x-axis represents the number of partitions from 1 (no
partitioning) to 10. Figures 2(a) and 2(b) correspond to the MDS and max cover-
age respectively, on the Cora graphs with no thresholds applied on edge weights.
The author-author citation and coauthorship graphs were essentially weighted
graphs . We applied a threshold (pipresn) on the edge weights, retaining only



Graph | Full graph | Subgraphl | Subgraph2 pgérceedy) =
(9) (9)
(9) (9) (9) [C(G1,8, ) +]C (G2,
k|1 C@S2) [k || OGS [k || C(G2,52)) | G
CORA (|10 |2403 5 |1286 5 1997 0.95
Paper 100 (8166 52 3831 48 14017 0.96
citation [|1000|18550 5179101 48319197 0.99
CORA ||10 |6411 5 (3451 5 (2421 0.92
author ({100 {15377 49 |7606 51 {7080 0.95
citation [|1000|21521 486|10491 51410895 0.99
CORA ||10 |1942 7 1289 3 |546 0.94
coauthor({100 (6869 66 (4323 34 (2140 0.94
1000{16931 656(10914 344(5620 0.98

Table 4. Maximum coverage on the entire graph and the subgraphs for different num-
bers of covering nodes k selected by greedy approach. | C(G, Skg)) l,] C(Gq, Sl(ji)) Iy

C(G27S,i‘z )) | = # nodes covered by covering nodes selected by greedy approach for
G, G1, G2 respectively.

those edges with weight > pynresn and repeated the experiments. The results for
Dihresh = 2 are shown in figures 2(c) and 2(d) and those for pipresn = 5 in 2(e)
and 2(f). It is seen that the subgraphs obtained by using the normalised cut
yield good empirical performance ratios for both the Minimum Dominating Set
and Maximum coverage problems, for instance even for 10 partitions the drop
in the empirical performance ratios are quite small.

7 Conclusions and Future Work

In this work we examine two graph coverage problems, namely the minimum
dominating set and maximum coverage problems loosely motivated by a word-
of-mouth marketing scenario, in a problem decomposition context. We consider
the question of how to partition a given graph such that the solution obtained
by combining the optimal solutions from the individual subgraphs is as close
as possible to the optimal solution obtained from the original graph, focussing
mostly on the case of p = 2 partitions. We define performance ratios in terms
of the ratio of the combined optimal solutions from the individual subgraphs to
the optimal solution obtained from the original graph as benchmarks for assess-
ing the quality of a given partitioning. Considering that the above problems are
NP-hard and hence the optimal performance ratio cannot be computed directly,
we also define an empirical performance ratio expressed in terms of solutions
obtained by applying a greedy algorithm. In our experimental results the nor-
malized cut consistently provided a high empirical performance ratio, we suggest
that it may also provide a good partitioning with respect to the optimal per-
formance ratio, at the same time producing balanced partitions. Future work



involves exploration of this aspect, an explicit connection would provide a useful
analysis framework.
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Fig. 2. Empirical performance ratios for Cora graphs for varying number of partitions.
(a),(c),(e) : Minimum Dominating Set. (b),(d),(f) : Maximum Coverage (a) and (b)

: Graphs with no thresholds on edge weights. (¢) and (d) : pehresn

DPthresh = 5

2 (e) and (f)



